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FREE-STREAM  BOUNDARIES  OF  TURBULENT  FLOWS  ^ 


Hy  Stani.kv  Corbsin  aii<i  Ai.an  I..  Kisti.kk 


SUMMARY 

.1«  fx/ti  riiiii  iildl  mill  tin  itri  liriil  xliiih/  Inix  hi  i  n  ininli  «/  the 
iiixtmitnnunixhj  shmp  mnl  iirujiilar  front  irhirh  is  nhrai/s 
found  to  sf/mniti  turbulent  fliiiil  front  eontiiiuous  “nonturhu- 
hnt"  floid  nt  n  frn-stremn  boundurtj.  This  distinet  diinaiTa-  ! 
tion  is  hnotm  to  i/iri  an  inti  rinitti  nt  ^■hllra^■ter  to  hot-u'in  I 
siijiials  in  the  boundanj  zone.  ! 

The  ore  rail  beharior  of  the  front  is  di  scribed  statisticalh/  in 
terms  of  its  irrink'le-am/ditudi  ijrou'th  and  its  lateral  projmijation 
n  Inlire  to  the  fluid  as  functions  of  doirnstream  coordinate. 

It  is  proposed  and  justified  that  the  front  actually  consi.sts 
of  a  rery  thin  fluid  layer  in  which  direct  riscoiis  forces  play  the 
central  role  of  transinitlinij  mean  and  fiuctuntiny  rorticity  to 
jirerioiisly  nonturbulent  fluid.  Outside  this  "laminar  super- 
liiyiT’  there  is  presumably  a  field  of  irrotational  relocily 
flucluations  {the  "nonturbulent'’  flow)  with  constant  mean 
relocity.  .Iv  outlined  in  the  followiny  paraijraphs.  theoretical 
analysis  based  on  this  yeniral  physical  picture,  ijires  results  on 
front  beharior  which  are  in  plausible  ayreement  with  experi-  \ 
mental  results  for  three  turbulent  shear  flows:  rouyh-wall  ! 
boundary  layer,  plane  wake,  and  round  jet.  \ 

It  is  .shown  that  the  rate  of  increase  of  wrinkle  amplitude  eif  I 
the  freint  can  be  reiuyhly  explained  as  a  [Mejranyian  eliffusiem  \ 
preecess.  usinej  the  statistical  properties  eif  the  turbuleiece  ile  the  \ 
fully  turbulent  zeene.  \ 

The  teaiesrersal  pieejeayation  releicity  eif  the  turbulence  freint 
is  preelicted  by  the  beharior  eif  a  physicomathematical  model  of 
the  laminar  superlayer.  The  moiled  is  a  yeneralizeel  Sleikes- 
liayleiyh  infinite  wall,  oscillatiny  in  its  own  plane,  Iranslalinij 
III  ejire  constant  mean  rorticity  at  the  boundary,  plus  local  \ 
rorticity  production  and  uniform  suction  relocity.  1 

Finally,  raiious  stati.stical  properties  of  the  turbulence  front 
location  as  a  stationary  random  I'ariable  {for  fixed  ilown.stream 
position  ]  hare  been  either  directly  measured  or  indirectly  inferred 
from  known  theorems  on  Gaussian  stochastic  ])roces.se.s;  it  is 
found  that  for  boundary  layer,  wake,  and  jet  the  front  location 
is  rery  nearly  Gaussian.  Specifically,  it  is  po.s.sibic,  therefore, 
to  estimate  the  autocorrelation  function  of  the  front  position. 

INTRODUCTION 

Until  the  last  few  years,  basic  experimental  and  (especially) 
theoretical  attacks  upon  the  problems  of  turbulent  (low  have 


centered  on  fully  lurl)ulent  Helds,  both  isolro|}ic  mid  sbemiii^y 
'I'be  experimental  researches  have  bet'll  conceriietl  with  the 
measurement  of  siffiiificant  statistical  t|uantities  with  tlie 
lio|)e  that  these  will  give  some  insight  into  the  iiiechanisiii  of 
fully  devt'lojied  turbulence  ami  might  even  suggest  ti  piolii- 
abli'  theoretical  aiiproach. 

In  reality,  however,  evi'iy  tiirliuleiit  (low  is  lauiudeil  i)\ 
(luid  not  in  a  turbulent  state.  If  the  bouiidarx  spacings  can 
be  made  very  large  comiiared  with  the  characteristic  correla¬ 
tion  lengths  of  the  tiirbiili'iice,  for  example,  integral  scale  ami 
dissipati' scale  (microscale),  then  an  “inlinite  held"  ajiproxi- 
mation  i-an  be  used.  'Phis  has  been  jiossible  in  research  on 
the  decaying  turbulence  behind  ri'giilar  grids,  a  reasonably 
good  likeness  of  'Paylor's  ideal  eonce|)t  of  isot  ropic  t  iirbuleiice 
(ref,  1). 

It  now  seems  iirobabli'  that  the  classic  turbulent  she-ir 
flows,  boundary  layer,  wake.  jet.  ehannel,  and  so  forth  have 
transvi'i-sal  integral  scales  not  very  small  compared  with 
their  characteristic  widths.  'Phis  has  been  shown  ex|)eri- 
mentally  for  the  round  jet  (ref.  2),  the  plane  half  jet  (ref. 
the  boumlary  layer  (ref.  4),  and  the  channel  (ref.  o).  'Phis 
implies  that  the  general  behavior  of  these  shear  (lows  cannot 
be  fully  inferred  on  a  (still  unsolved)  homogeneous  shear  How 
basis  but  must  involve  the  boumlary  iihenomena. 

'Piirbulent  shear  flow  boundaries  can  be  classified  in  various 
ways.  A  conventional  one  is  tlu'  division  into  (a)  solid  and 
(b)  free  (or  free  stream)  boundaries,  depending  upon  the 
presence  or  absence  of  a  solid  wall  and  excluding  possilile 
symmetry  planes  from  consideration  as  boundaries. 

A  further  subdivision  can  be  made  in  each  class  according 
to  whether  the  outside  flow  or  wall  is  traveling  faster  or 
slower  than  the  turbulent  (luid  just  inside  the  boundary, 
but  tins  distinction  is  probably  only  a  (|uantitative  one 
(because  of  the  nonlinearity  of  the  system),  not  affecting  the 
nature  of  the  boundary  phenomena;  a  comparison  of  wake 
and  jet  boundaries  would  illustrate  this  remark.  One  can 
also  visualize  a  boundary  state  in  which  this  mean  velocity 
difference  is  zero,  that  is,  the  case  of  uniform  velocity  field 
including  both  turbulent  and  outside  (low. 

'Phis  investigation  is  conci'rned  solely  with  the  free 
boundary  condition.  In  practice,  this  case  generally  involves 
a  iiu'an  shear  stress  in  the  fuliv  turbulent  region,  reducing 


'  StifKTsiMlus  >.'.\rA  'I'N*  "'riiu  Frt'u-Sin'iini  Htiunthirius  of  'riirUiilunl  Flows"  hy  rflanloy  ('orrsiii  luitl  Alan  I..  Kisllur.  1!'5L 


1 


2 


UEPOHT  1-M4  NAI'IONAE  ADVISOIIV  lOMMl  l  l  EE  E(»ll  AEUONAl  I'U  S 


to  zero  iiioiiotonically  toward  the  noiiturhuleiit  ’  free-stream 
flow. 

'I'lie  outstanding'  observable  eharaeteristie  of  free  l)oiintl- 
aries  is  the  relatively  sharp  instantaneous  deniareation 
surface  between  turbulent  and  nonturbuleut  Hiiitl.  This 
shows  up  very  clearly,  for  example,  in  short-tluration  shiwlow- 
gtraplis  of  the  turbulent  wakes  behind  hijrh-speeil  projectiles 
(fii;.  1 ).  The  sharpness  of  the  irrejiular  boundary  illustrated 
pei-sists  as  far  downstream  as  pictures  have  been  taken, 
about  several  hundred  wake  diameters. 


L-81230 

Kici  RK  1. — Turliiilciit  wake  of  liiillct.  (Courtcsv  of  Halli.-ific  lti‘search 
l.ulmrutories,  .VliiTdeeu  ProviiiK  Ground.) 


In  a  mixed  flow  zone  of  this  typ(‘,  a  probe  stationary  rela¬ 
tive  to  the  disturbance  (e.  j;.,  the  wall  in  a  turbident  houmlary 
layer)  will  b(‘  swept  over  by  successive  sections  of  turbidc'iil 
and  noniurhulent  fluid.  With  a  hot-wire  anemometer  this 
yields  an  intermittent  sijrnal  of  the  type  which  led  to  the 
discovery  of  this  characteristic  of  free  turbulent  boundaries 
(ref.  2).  'Pile  relative  time  spent  by  the  probe  in  turbulent 
fluid  was  first  measured  by  'Pownsenil  (ref.  (i)  an<l  <’allcd 
the  intcrmittency  factory. 

Most  steady-state  shear  zoties  sprea<l  with  incrcasiiifr 
downstream  distance.  Therefore,  there  cannot  l)e  evt'ii 
roujrh  overall  flow  similarity  unless  the  avera}!)'  lateral 
|K)sition  and  the  wrinkle  amplitude  of  the  sharp  boundary 
both  incrcuise  at  rou{;hly  the  same  rate  as  does  the  momentum 
width  of  the  shear  flow.  .Since  it  is  well  known  that  most 
"simple’’  turbulent  shear  flows  exhibit  a  rouf'h  overall 
similarity,  it  can  immediately  be  anticipated  that  this 
turbulence  front  must  (ai  i)ro|)a^ate  relative  to  the  local 
fluid  in  the  same  .sense  that  a  flame  front  propitiates  throufih 
a  combustible  mixture  and  (h)  inci-easc  its  jicometrical 
atuplitude  with  inci’casiiifi  downstream  coordinate. 

'Phe  explanations  of  these  necessary  jiroperties  of  tin' 
turbidence  front  arc  two  of  tin*  explicit  jiiirposes  of  this 
invcstifiation.  'Phe  two  i)ro|)crtics  arc  to  be  mcasuri'd  and 
to  be  analytically  rt'latcd  to  physical  properties  of  the  turbu¬ 
lence  in  the  ftilly  turbulent  zone. 

P'or  any  r-station,  the  intermit tency  factor  yf//;  is  just  1 
minus  the  distribution  function  of  )'(0,  the  instantaneous 
location  of  the  sharp  fruin  between  turbulent  and  nonturbu- 


'?■?,)  It ,  III  “liirTifniir  "  IS  rfs*‘rvf<l  f<*r  ;i  i'giilui  i^ult  iif  How  ill  sh«>»r,  that  is,  wtim*  viscous 
fijm-s  ;»ri*  iniiMirtant.  'Phis  is  in  contrast  with  the  ft*rriiinoloKy  inlnKliKr*!  in  rcfen’nci*  2, 
wiierr  laminar  was  ns<*<l  to  ln<iicati*  any  nonturbulent  How.  course,  in  practice,  a  "non- 
tiirhulfiit ■■  (low  may  lx-  one  whost-  tiirhiilcnci'  level  Ls  mtich  lower  than  (hat  of  the  <*on* 
t  anions  tiirtiiilent  (low. 


lent  fluid.  For  a  fixed  value  of  j-,  }'i/i  is  a  siationaiv 

random  variable,  and 

■yii/l  prob[;/g  I'tOg  ce  j  i  1  i 

Since  y()/)  c-.  difft'rentiable  (in  fact,  nondifferentiable  func¬ 
tions  cannot  bi'  experimentally  so  ideiit ificil ) ,  dy  d//  is  the 
probability  density  of  )'(/). 

A  priori  tin'  fact  that  thi'  free  turbulence  bonndarv 
(vorlicity  fhictuation  botindary  accordin':  to  the  physiial 
jiicture  propost'd  In'rt')  remains  sharp  can  be  attiibuted  to 
the  contintious  irri'fiular  streti-hiiif:  of  the  lo<al  xortiiilv 
{iradicnt  in  the  boundary,  that  is.  to  the  fact  that  the  vortii  itx 
propafiation  jirocess  is  nonlinear:  for  a  jiiven  stretchin^'  rate 
the  pi'oduction  of  new  vorticity  is  pro|)oi  t ional  to  the  a'liount 
already  pn'sent.  'Phis  must  be  balanced  on  ihi'  aMTjiee 
by  the  viscous  diffusion  of  the  vor  ticity  ^ladii'iii  at  the  froni. 

It  is  obvious  that  the  I'amlom  vorticity  fii'ld  oidinaiih 
callcil  turbulence  can  iiropajiatc  oidy  by  direct  contael.  a- 
opposed  to  action  at  a  dislancr'.  because  I'otation  can  he 
Iransinittr'd  to  irr’otational  flow  only  tlii-nueh  diicet  \  iseoiis 
shcariiifi  action.  'Phis  insures  that  under-  ordinary  eiri  irui- 
stances  tin'  turbirlencr'  fr-ont  w  ill  alw  ays  be  rr  eonr  iniroir- 
sur-face;  there  will  be  no  ishirrds  of  t rrrbulern  i-  orri  irr  the  fn-e 
stri'am  rliscorun'ctcd  fr-oiii  tin'  rrrain  bod\  of  t  rrr  lnrlenr 
fluid. 

'Phe  amdytical  cstinurtes  will  include  a  hypothet ierri  ease 
in  which  tin'  tur-brrlent  prrrt  of  tin'  flow  field  is  triso  without 
slu'ar.  'Phis  is  perhaps  the  simplest  conceivable  case  under- 
which  tur-brrlence  pr-oi>ajiatcs  into  nontrtrbirh'nt  fluid 
provided  that  oiu'  can  nr'filcct  the  necr'ssirry  inotiotonic  tirrn- 
(h'crcasr's  in  turbulent  ('tter-fiy  per  unit  mass,  ruder  these 
conditions  it  is  proposed  that  tin-  distinction  between  tirrbir- 
h'lit  and  nonturbrrh'iit  zoiU's  is  tin'  pi-esein-e  or  rrhsein-e, 
r)'s|)('ctively.  of  r-rmdom  vorticity  fluctuations. 

A  more  cornph'x  r-asr'  is  the  one  ordinarilv  ('iicountcred  in 
practicr'.  as  rh'scribr'il  Ix'fore:  rr  shearing  turhrrlencr'  err- 
|■roachin{r  on  a  nonsln'aring  (irrotational)  nontirrbulent  fluid. 
In  this  case,  the  averajie  propafiation  vi'locit.x  of  the  tirr  hrr- 
Icnce  fr-ont  should  also  depend  upon  the  mean  shear-  str-ess 
in  the  tirrbrrh'Ut  llirid  near  thi'  ft-onl. 

A  .somi'what  rliffer-r'iit  situtation.  not  irn-luth'd  firlly  in  the 
abov)'  r-lassi's.  ocerrr-s  in  tin'  transitional  spr-i't)din>r  of  a  trrr  hir- 
h'nt  shear  r-i'fiion  into  a  sln'ar-in>:  laminar-  t-eeion.  whi'u  the 
principal  shear  plant's  of  laminar-  and  turbrth'ut  flows  ar-e 
par-alh'l  to  each  otlu'r  brrt  pr'rpi'ndicirlrtr-  to  the  mean  [tr-opa- 
fialion  fr-ont. 

Srrr-b  a  phenomenon  was  fir-st  stirdii'd  t'xpcrirncntally  by 
(’hartcr-s  (r-i'f.  7).  who  calh'd  it  "tr-ansitiot)  by  tr-ansver-se 
contaminatiorr."  Kmmons  (r-r'f.  N)  has  eivcti  'rood  ex|)er-i- 
mental  evidein-e  that  tr-ansition  fr-oin  laminar  to  trrrbrrlent 
flow  may  ofti'ii  or-ertr  itt  this  way.  ttsrrally  fr-om  ir-r-e^'irlarly 
{lencratcd  “ifinition"  sjrots  in  the  movin':  fhtid.  and  a  irr-e- 
liminary  analytical  discirssion  of  the  turbuh'iicc  s[)r-('a(l  rrnder- 
tln's(>  corrditirms  has  bet'll  jiiven  by  Mitclmt'r  (r-ef.  !)).  How  ¬ 
ever,  it  appear-s  that  Mitclmt'r  has  tmiittetl  fi-tmi  his  nt)n- 
turbulent  rcfiion  tht'  very  sht'ar  whiclt  ilistinwirisl'-'s  tht'  tr-an 
sitron  protricin.  It  is  nt)t  intended  that  this  important  cast' 
be  inclutletl  in  tht'  [irt'sent  rt'port.  Although  some  tif  the 
same  ]>ht'nomt'na  may  occur  as  in  thi'  simpler  noiishear 
boundar-y,  it  is  possible  that  tht'  tiominani  turbuh'nct'  pt-o|)a- 
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pition  nu'chiiaisiu  is  ililliTout.  In  particuliir,  it  may  la* 
that  a  (Ifstahilization  of  the  already  rotational  How  occurs  in 
addition  to  a  transmission  of  random  vorticity  hy  direct 
viscous  action  at  the  turhnlent-laniinar  interfac(>. 

When  the  ()r('sent  work  was  beijnn,  it  was  hope<l  that  the 
problem  of  propagation  of  turbulence  into  a  nontnrbulent 
How  could  be  studied  at  the  boundary  between  a  grid¬ 
generated  isotropic  turbulence  and  a  nonturludent  How 
moving  at  the  sanu'  uniform  speed.  This  would  eliminate 
the  shear  stress  entirely,  although  involving  a  relatively  rapid 
lurbtdence-level  change  due  to  viscous  dissipation  willi  no 
turbulent  energy  production. 

The  principal  g(>neratit>g  arrangemetit  tried  was  a  half  grid 
consisting  of  a  conventional  1 -inch-mesh,  b-inch-dowel  grid 
covering  half  the  tunnel  cross  section,  with  a  line  mesh 
screen  of  virtually  idtuitical  static-pressure  drop  covering 
the  other  half.  I’nfortuiiately,  anomalous  boundary  be¬ 
havior,  arising  from  complexities  in  the  How  around  the  joint 
between  grid  and  screen,  could  not  be  elimii\ated  with  a 
reasonabh'  amount  of  effort.  'I'herefore,  the  turbulence 
lU'opagation  has  been  studied  in  situ,  chiefly  at  th(>  outer 
eilge  of  a  low-spi‘(‘d  turbulent  boundary  layer,  with  a  few 
nu'asurements  in  a  routid  jet  for  an  additional  ch(‘<-k  of  some 
particular  phenometia.  For  completeness,  some  of  'I'own- 
send’s  plattc-wake  data  (ri'f.  Ill)  have  also  been  analyzed  in 
the  light  of  this  investigation. 

'riu'  general  purpose  of  this  investigation  has  laa'ii  to  j 
measurt'  statistical  properties  of  the  propagating  turbuletice 
front  to  |)ermit  (pialitative  or  (‘ven  rough  qiiantitnlivc  llu'o- 
reti<'al  ex|)lanation  of  the  phenoiiK'iion. 

The  work  has  been  carried  out  at  the  Department  of 
■Verotiautics  of  'I’he  Johns  Ho|)kins  I’niversity  with  the 
financial  assistance  aiul  sponsorship  of  the  National  Advisory 
CotninitUM'  for  Aeronautics.  'I'he  authors  would  like  to 
acknowledge  the  assistance  of  Miss  Vivian  O’Brien,  Mr. 
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characteristic  ordinate  in  sketch  fd) 
random  variable  re|)resenting  some  How 
property 

same  pro|)erty.  taken  in  turbulent  How  only  | 

constant  ; 

ramloin  on-off  signal,  taken  between  zero  ■ 

ami  I  i 

random  variables 

skin  friction  coeflicient.  ! 

diameter  of  rod  used  to  |)roduce  |)lane  wake 
power  spectra  j 

scalar  function  | 

height  of  wall  roughness  | 

random  variable  i 

parameter  in  model  of  laminar  suiterlayer, 
eqiiivaleiit  to  vortex  stretching  rale 
wavi'  number 
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<It 
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r.  D 

ft 


K.  F„ 


1. 

transversal  Kuleiian  scale 

Eagrangian  time  scale 

/-. 

Eagrangian  h'liglh  scalic  r'  1., 

/,.  /, 

average  |)ulse  lengths  of  intermittent  >ignid 

M 

empirical  constant 

HI 

exj)onenl  of  boumlaiA -la\ cr  power-hm  \  (  - 
locity  pi'ofile 

aveiage  frccpieiicy  of  i>ccurrcncc  of  anx 
paiticidar  value  of  lundoiu  variable  Fh 

.V, .  A’,, 

average  friapieiicy  of  occuricticc  of  )  aiul 
zero,  respect  iv  iy,  in  froiil-iocation  \  ai  i- 
ablc  )’(/) 

II 

cyclic  fttapieiicv 

/' 

total  slat ii-  pressure 

J’l-  /'-■ 

probabilitx  ilcnsiiics  of  lurbidcni  and  p.i- 
tenlial  segment  Icngllis,  respectively,  in 
inlermilicnt  signal 

0 

total  velocity  vector 

<1 

velocity  Hucluaiion  vi'ctor,  i,>  i,) 

V 

dynamic  |)ressurc  in  free  stream  of  uind 

1  nnnel 

/.* 

inslaniaiicoiis  radial  loce.lion  of  1  url>nlcni'i' 
front  in  round  jet 

A*/. 

Eagrangian  correlation  function 

A'„, 

shear  coirelation  coellicient,  </'/■' 

A>..  ,A‘..  .A>, 

Reynolds  numbeis  of  laminar  superlayer 

h\ 

turbnienci'  Reynolds  numbei’.  ii'\  r 

/• 

cooi’dinalc  vector 

/• 

radiid  cooi’diirat(‘  in  i-ouml  jet 

ji'l  orifice  radius 

'  \  : 

railiid  posiiioit  at  which  1  -  at  a  sec¬ 

tion  of  the  jet 

s 

total  shiaii’  force  vector'  (per-  irnit  areai  rti 

S  s  s 

lur'brrleni  side  of  sitperlayer',  lyirrg  irt 
plane  of  sirperlayer' 

7  ’.  T:  ~ 

segirrent  (or'  pirlsel  lengths  of  turbrrlerrt  and 
polciiiiirl  signal,  respectively,  in  intcr- 
rrritlenl  signal 

1 

1  iri'.e 

1 .  r.  IF 
f  ,  =  D 

velocity  along  .r.  //.  iiird  ;',  r'espectively 

1 .. 

rneait  velocity  on  axis  of  jet  or  wake 

T , 

mean  velocity  in  frr'c  streaur  of  borrmlirry 
layi'i'  or'  wake 

1  , 

skin  fr'iclion  velocity.  ^  r„  p 

li.r.ii' 

II,  ^<1 

velocity  fluctrration  rdong  .r.  //.  and  :, 
r'espect  i  vely 

aver'age  velocity  of  pr'opagation  of  Irrrbrr- 
h'lice  fi'orti  r'elative  to  fluid  (pcrpemlic- 
rrlar  to  its  own  planei 

r.i/.z 

(’artesian  coor'dirtales  (x  is  measirreil  fi'ortr 
beginning  of  wor'king  section  in  borrml- 
ar'y-layer'  case) 

J-i.i/i.z, 

r,  =r 

(’ar'tesian  coordinates  rdined  locally  with 
trrrbirlenr'e  fr'ont 
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apfiarTiil  oriiriii  of  wakcN  houiularv  liivor,  i 
or  jot  I 

instiintaiiooiis  ?/  looation  of  turhiiloiu-o  | 
front  for  hoiindarv  layci-  and  wake 

instantaneous  1/,^  — location  of  turbiilcin-e 
front  of  |)lan(‘  wake 

I 

in  wake  I 

I 

value  of  V  at  wlilch  mean  velocity  defect  | 
is  half  inaximnm  ■ 

radian  frec|iu-ncy  of  wall  oscillation  in  | 
model  of  lamiiU'r  superlayer  ; 

intermittency  factor,  relative  time  spent  I 
by  a  fixed  probe  in  turbubrnt  fluid  | 

instantaneous  vector  velocity  jump  across  | 
laminar  superlaver 

boundary-layer  tldckness,  the  value  of  // 
at  whicb  !  ' 

boundary-layer  displaceuieni  tldckness 
thickness  of  landnar  superla\'er 
model  superlayi'r  tbicktu'ss  for  imain  and  | 
fluetuatin<;  vorticity.  respi'ctiveiv  1 

momentum  thickness  of  boundary  layer 
l.aj;ranj;ian  lenjrtli  scale  in  flow  direction-  ; 

Fl, 

transversal  Euh'rian  microscale  of  turbu-  1 
lence 

Laeranjrian  time  microscale 

microscale  of  )'(V)  times  f 

Lagraiifrian  length  microscale.  r"K, 

viscosit V  coefficient  I 

'  ^  I 

kinematic  viscosity  coefficient,  a  p  ■ 

total  vorticity  components  in  /  and  :  j 

directions,  respectively  ! 

total  vorticitx',  H  =  S2  j 

vorticity  fluctuation  components  along  s,  \ 
and  r,  respectively  | 

vorticity  fluctuation,  it  il  I 

density  j 

standanl  deviation  of  O'  )')=)'|  | 


T 

r„ 

•h 

X 

'I' 

4'e 

O 


stri'ss  tensor 

tiir.e  interval 
skin  friction  stress 

rate  of  dissipation  of  turbid<-nt  energy  per 
unit  mass  of  fluid 

Kolrnogoroff  (minimum)  length,  x  =  fe^'f’)''’ 
autocorrelation  function  of  )\{t) 
autocorrelation  functions  of  a,  tir,  and  h 
autocorrelation  function  of  trigger  output 
total  vorticity  vector 
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vorticity  fluctuation  vector 


Operators: 

(  }  average 

(  I  “short”  time  or  space  average' 


t  ~  s  (  )-'  root  mean  s((uai-e 

t  )r  h\potbetical  variable  e(|ual  lo  actual  varia¬ 

ble  in  turbulent  lluiil  only  and  obi  aim'd 
by  deleting  potential  lliiid  pari  of  an 
ini ermit lent  oscillograiii 

EXPERIMENTAL  EQUIPMENT  AND  PKO(  EDI  RES 

AERODVNA.'UIC  E»Jl  IHMENT 

'I’lie  wind  tunnel  dig.  2)  is  an  open-return  MM,  i,vp<'  uilli 
a  2-  by  2-fool  working  section  and  a  free-stream  turbulence 
^('vel  at  entrance  of  u'  I  II  I).')  jierceiit  and  c'  I  il.Oii  per- 
ce'lit  at  a  mean  velocil\  of  f  2tl  fei'l  jier  sieoiid. 


Other  screens -No  24  wire  mesh 


l-'iui  lo:  2.  Selieiiialie  iliaenuii  of  wiiirl  iiuiiiel. 


In  order  to  have  a  reasonably  thick  tiirbuleiil  bouiidai\ 
layer  in  the  relatively  short  working  sect  ion.  a  wall  uas  useil 
as  a  working  surface,  and  it  was  roughened  by  corrugated 
paper  starling  from  the  beginning  of  ilii'  contraction.  M'lie 
corrugations,  set  perpendicular  lo  the  flow,  were  roughl\- 
sinusoidal,  with  about  ':i-incli  wavi'  length  and  \rinch  a’lipli- 
ttide  (half  height ). 

'I'lie  extent  of  two-dimensionality  in  the  boundary-layer 
flow  was  checked  by  mean  velocity  profiles  at  several  stations 
across  the  2-foot  width  of  the  working  surface,  at  the  farthesi 
downstream  station,  .r  1(12  inches,  'I'lie  uniform  zone  was 
IS  inches  wide,  with  a  boundarv-laver  thickness  of 
inches  fi-om  wall  lo  free-stream  velocity  and,  esti'ualing  from 
referenci'  4.  the  transversal  Eiilerian  scale  was  about  O.-’)  inch. 

'I’lie  boiindan -layer  measurements  were  all  made  al  a 
free-stream  velocity  of  feet  per  seeond.  'I'lie  static  pres¬ 
sure  was  very  nearly  constant  along  the  working  section 
(fig.  S).  Erom  comparisons  with  I'arlier  work  on  this  t\[)e 
of  (low  (ref.  11).  it  appears  that  the  How  stati'  is  such  as  to 
have  a  fully  rough  wall  condition. 

'I'lie  round-jet  unit  is  sketched  .schematically  in  figure  4. 
'I'lie  orifice  diameter  was  'j  inch  and  it  was  run  at  an  exit 
velocity  of  .'(Ot)  feet  per  second. 


y,  in 


-Sta1i{‘-j>r(*ssurr  (list ribui ion  alonij  wind-t iiniirl  \M)rkinii 
section.  f/„,  fiynainic  [)n*s.<un*  in  fn'**  stream  at  (t. 
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HOT-WIRE  SET 

I 

Most  of  the  iiK'iisuronicnls  reported  here  were  made  witli  j 
the  hot-wire  aiieinonieter  as  seiisiiif;  element.  'I'he  basic  j 
amplifier  and  compensation  unit,  eonstnietcal  by  Mr.  C'.  1>.  | 
Thiele,  is  dc'serihed  in  reference  12.  'I'he  oseillo<rrams  were  j 
taken  with  a  (leneral  Radio  'I'ype  7til  camera  ])hoto};raphin<r  j 
'  'lie  eathode-rav  tubes.  Measurements  of  the  statistical 
dist rilintion  of  lengths  of  tnrlinlelit  hursts  W(>re  made  hy 
sealing  directly  from  the  recorded  oscillograms. 

'I'he  power  sjiectra  were  measured  with  a  llewlett-l’ackard 
'I'ype  wave  analyzer,  followed  by  a  vacuum  tluu'ino- 

couple.  'I'he  strongly  fluctuating  outimt  was  averaged  by 
integrating  with  a  flu.xmeter  and  bucking  circuit  as  illustrated 
in  reference  12. 

'I'he  hot-wires  used  were  either  O.OOOKI  inch  platinum  or 
0.00(11  ■)  inch  tungsten,  with  lengths  of  about  l.o  millimetei-s 
for  the  «-meters  and  2  millimeters  for  the  X-metei-s  used  to 
measure  r',  ic',  and  ¥?.  No  correction  was  a|)plii>il  for  finite 
win'  h'ugth. 


.MEASl  KEMEN  r  OF  IM  ERMITTEM  Y 

Following  Townsend  (i-ef.  ti)  the  intermit teni  \  '/  i.s  defined 
■  as  the  fractional  time  spent  by  the  (lixt'di  piobe  in  lurfiulent 
fluid.  'I'ownsend  has  measured  y  in  two  wa\s:  (a)  from  tin 
"flattening  factor"  (or  "kui  tosis" )  of  the  probid)ilit\  dcn>il  \ 

;  of  the  intermittent  signal  (ref.  (i);  (bi  from  the  mean-.-<inare 
I  out|)Ut  of  an  on-off  signal  tiiggered  b\  passing  the  inleiinil- 
!  tent  signal  through  a  gate  (ref.  101.  'I'he  melhixi  used  here 
is  a  dev('lo|)m('nt  of  (b),  the  relative  "on  time"  being  ineas- 
:  iired  by  counting  a  high-frecjiu'nev  pulse  signal  as  modulated 
i  by  the  on-off  signal.  'I'his  should  give  more  accurate  results 
i  at  low  values  of  y. 

'I'he  overall  block  diagram  is  given  in  figuie  .').  Figuri'  li  is 
a  further  breakdown  of  the  manipulative  details,  with  a 
schematic  diagram  of  a  hypothetical  signal  as  modified  liy 
!  passage  through  the  various  blocks.  'I'he  actual  eireuit 
;  of  this  is  given  in  figure  7.  1 1  is  clear  from  figure  (I  that  the 

I  number  of  pulses  counted  for  a  given  input  signal  will  fie 
a  monotonieally  increasing  function  of  discriminator  sel l ing. 
OiK'  would  like  to  find  a  wide  lange  of  diseriminalor  sel  l  ings 
I  over  wliicli  the  count  rate,  for  a  given  input  signal,  would 
;  be  unchanged,  rnfoitunalely,  there  is  no  sm  b  indication 

Compensated 
input  from  hot-wire 
circuit 
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lifier 

Differentiating  circuit 

1 
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J 

Amp 

lifier 

Intermittency  circuit 


Counter 

Fk.trk  5. — Ovf'rall  l)]()rk  dia^rani  of  intermit  t(*iioy“nica>urine 
arranK<‘iR**nt . 
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() 


of  a  “(■ol•|■(■(•t "  scltiiiir  for  I  lie  <lisci  imitiator,  [>ossil>ly  liccauso 
of  the  lajr  i?it rod uc(’(l  in  ilio  lU'ccssaiy  siiiootliin>;  proci'ss, 
A  typical  illustration  is  frivcii  in  li<fnrc  S. 

In  practice,  tlic  discriminator  level  was  set  for  cacli  si<riial 
l)y  visual  ohservation  on  a  dnal-hcam  osciIlos<-opc  of  simnl- 
tancons  traces  of  the  difri'rcntiated  hot-wire  signal  and  the 
eorres[)ondinir  trif:>rer  output  (e.  <r.,  li^,  0).  'I'he  setlin>rs  of 
the  noise  clipper  and  of  the  smoothino-filtcr  time  constant 
were  ehostm  hy  visual  comparison  at  the  hcjrinninfr  of  ll>c 
siapiencc  of  tests  and  kept  fixed  for  the  entire  i n vest ijrat ion. 

I  he  intermitteiicx  circuit  was  destined  ami  Imilt  l>v  .Mr. 
Donald  .Tohnson. 


VORTICiTY  FLUCTUATIONS 

'I'lic  pyramidal  configuration  of  four  hot-wires  connected 
in  a  Wheatstone  liridge  responding  (irimarily  to  tlie  vorticity 
fluctuation  component  along  the  flow  dir<>ction  is  iliie  to 
Kovusznay  (nd.  i:',').  Figure  It)  is  an  isometric  sketch  ami 
a  wiring  diagram.  .Some  of  tin'  pertinent  details  are  given 
in  reference  14. 

Calibration  of  sensitivity  to  vorticity  has  Imm-d  tried  hv 
spinning  the  meter  about  its  axis  (ref.  Id)  in  a  uniform  flow, 
hut  for  the  measureim-nts  presented  here  an  indirei-t  method 
was  used:  'I’he  readings  in  a  decaying  isotropic  tiirhulence 
weie  compaicd  with  the  values  of  vorticity  fluctuation  level 


1  <’omput<‘il  from  turfndemc  level  and  mieroseale  nn-a^un- 
I  nieiits.  Estimates  of  tfie  parasitic  sensil i vil ie>.  e>pceiall\ 
to  the  tlirec  components  of  tui  lmicnt  velocit  v  .  were  made  li\ 
nu-asuring  the  sti-ady-statc  yaw  and  spetsl  scnsil i\ ii ie-  in  a 
low-tujhulence  stream,  ’rhesc  were  found  to  |»e  nee|igili|\ 
small  for  the  iiarticular  meter  used  in  getting  the  data 
\o  correction  has  la-en  made  for  finite  win'  hngili  ilie 
!  lengtiis  wei’c  alaml  1  millimcteri.  and  no  cona'ciiou  has  lieeii 
j  made  for  the  mecn'io  ratio  of  u  ire  spacing  to  l  iirlmleiiei 
I  microscale,  a  characterisi  ic  giving  parasii  ic  scn-iliN  II  \  lo  iln 
i  second  derivatives  of  velocil  \  lliict  iiat  ioii' 

j  MKAN  VKI.OCITV  PROFII.KS 

A  flattened  no.  2(1  hv|)oilerniic  needle  was  u>cd  a-  loi.d- 
head  tul)c  in  the  measurement  of  tlic  mean  \i'locii\  pmlile^ 
from  which  houndaiv-la\ cr  and  jet  lhicknc-.se>  were  de¬ 
termined. 

I 

Allliongh  exact  wall  location  is  pridialily  a  meanmgle>> 

;  concept  for  rough-wall  hoimdary-laycr  flows,  llie  choice  nl 
such  a  reference  value  of  //  i>  I'onvi'nienl  for  pri'scnlal  mii  ol 
data  in  familial' l■ooI•diIlalcs.  'I'licreforc.  a  //  d  refi'ri'iii'e  wa- 
chosen  liv  extrapolation  to  zero  of  ihe  mean  vclociiy  profih  - 
from  a  region  outside  the  fioiiiidary  tangcni  lo  tin'  corniga- 
!  lion  peaks.  In  order  lo  iiiinimi/.c  scatter  near  ilie  "wall.  " 
all  total-head  tra\  erses  were  made  at  tlic  same  phase  po>ii  ion 
in  tlu‘  corrugation  peak.  slight  cutout  on  tlie  downstream 
i  side  in  each  case  permitted  the  total-hcail  tube  to  go  I'oin- 
plctcly  into  the  hoimdary. 

!  .''ince  the  exact  details  of  mean  tclociiy  profile  shape  weri' 

'  not  of  primary  concern  in  this  iincstigation.  no  correction 
'  for  the  cH’cci  of  iiirlmlciicc  has  liceii  applied  to  the  total-head 
tiihc  data. 

i  ME.ASl  KKMKNTS 

!  MEAN  VELOCITY  FIELDS 

Rough-wall  boundary  layer.  .Mean  \elocii\  profiles  a> 
ilctcrniincd  from  total-liead  tiilic  measurements  arc  ploiiid 
in  dimensionless  form  in  figure  I  1.  ’I’herc  is  rcasonahly  clo>c 
i  similarity.  Of  course,  exact  similarity  is  not  lo  he  expccic<l 
i  since  t)oiindary-la\ cr  Keynolds  luimtier  varies  consideiahiv 
i  with  J-  and  effective  roiighin'ss  varies  sliglitly. 

'Pile  moment iim-lliickncss  disi rihiit ion 


«(.;ls  1 

'  L  ( 

J 

"  f, ' 

!  ,  / 

i  is  given  in  figure  12.  'I'lic  solid  line  is  a  simple  power  law 
I  drawn  from  the  apparent  origin  ./•  x„.  The  similarity  sliow  n 

j  in  figure  1  1  is  close  eiioiigfi  so  that  tlie  displaccuiciil  thickness 

!  ('~p 

and  Ihe  total  thickness  5(x).  ihi'  value  of  i/ at  which  1=1. 
are  assumed  proportional  to  Off)  for  the  pur|)ose  of  later 
figures.  'File  6{.r)  values  are  assumeil  to  lie  more  reliable 
than  6*  because  ('(piation  (2)  deemiihasizes  the  relatively 
imeertain  region  near  the  wall.  'Flic  values  of  6*(ri  and  6i.rj 
are  then  given  hy  0(r)  times  the  average  values  of  5*  f)  and 
I  n  o.  'Fhese  values  are  1.47  and  7.2.  respect iveh  . 


KHKK-Sl  KK AM  BDI  NHAI; 

rile  III  I V  ('  (li'S('i'i|it  iiiii  III'  llic  I  urliilli'iici'  |ii'(i|>ii^iil  ion 

plii'iioiiiciioii  irivi'ii  III  llic  "  1  111 roiliirt ion  '  |•t‘<|llin•s  ihnl  ii 
aclinillv  laki's  placa  iliidiiv:li  a  iprcsiimalily  lliini  \  isrons 
slii'iir  laviT  plasli'icil  all  ovit  llio  lioiinilaiv.  In  lari,  llii' 
"laininai’  sn|)rrlayrr  '  is  llir  lioiiinlaiy  lirlwrrn  tnriinirni 
anil  noiil iirliiilriil  llniil.  Insprrlion  of  llir  osrillodi .iins 
irvrals  no  rlrar  siniilaril\  aiiion>r  all  llir  lirjrinninirs  anil  riuls 
of  llir  lurlnilrnl  Inirsls,  bin  lliis  is  mil  a  ronlrailir*  ion  of  llir 
pll\siral  pirllirr.  Any  silrli  Irllilrliry  iniisl  lir  roinpirirly 
liniskril  by  llir  lamlonilirss  of  vrlorily  '^railiriils  lainl  liriirr 
llir  slirai'sl  in  ibr  laininai-  siipri'lavri'.  I•'ll|■l brrinorr.  llir 
boiiiiilai  y  ilsrif  is  an  irrr>;nlai  ly  wi  inklnl  snrfarr  in  I  bi  rr 
iliinriisioiis  so  llial  llir  irlalivr  oiiriilalions  of  liol-wiir 
anil  bounilar\  al  llir  moinnils  of  inimnsioii  anil  w  il lnlia« al 
an  also  rainloin. 

Tl'KBl  LKNC  K  I.KVKI.S 

'riirbiilriirr-lrvrl  i lisl ribiil ions  for  I  br  llirrr  vrlorily 
roniponriils  a' /  ,  r' !  .  anil  a-'/  al  llir  bonnilary-la\ rr 
siaiioii  siiiiliril  in  ilriail  (/  lirJ  inrbrsi  air  ploiiril  in  liiriirr 
Hi,  wilh  llir  roi'lrsponilin^  liiran  vrlorily  prolilr  inrliulril 
for  rrfrrrlirr.  ('Irarl\  llir  vrlorily  llilrl  iial  ions  ililr  lo  llir 
pn-sriirr  of  llir  I  'iiiiilar\  lavrr  rMrinl  far  oiilsillr  ibr  rr.irion 
riinvriii  ioiially  iilnil  ilinl  as  ibr  boiiiiilar\  layrr. 
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rr  .iiiK  111,  'riirliul'-iii'i'-liM'l  ili  irilnil  ion-  :il  .r  in'>  iiirlii  '  in 
lioi|iniar>  !:i\rr. 

\  arialion  of  l  iirbiilnirr  Irvrl  in  llir  .r-ilirrrl ion,  for  ror- 
rrspoiiiliii^  loralioiis  in  llir  boiinilary  lavrr,  is  iinliralnl  by 
/■'  r  vrrsns  ./  al  srvrral  fixril  valiirs  of  i/S  llijr,  l”i,  Sinrr 

llir  I’ranilll  frirlion  vrlin  iu  f  ,  ~ is  probablv  llir  basir 

>  P 

rrfrrrlirr  (pianlil\  willi  llir  ilinirnsions  of  Lriiotb  'I'inir  in 
a  soliil-wall  slirar  flow,  olir  r.xprrls  llial.  for  rorrrspoinliny' 
posilioiis  in  llir  boiinilary  layrr,  a',  r' .  anil  a-'ocf  In 
liirbiilriil  pipr  How,  l.anfrr  Irrf,  loi  linils  llial  r'  I',  vrrsns 
'ailiiis  is  iinlrpnulrlil  of  Hryiiolils  iiiiiiibrr  r.xrrpi  in  llir 
virinil\  of  llir  wall.  'I’liis  siignrsls  llial,  ill  (hr  boiinilary 
lavrr,  /•'  ! ' ,  vrrsns  ij  o  iiiav  br  ronslaiil  away  from  llir  wall. 
l•'ilrllrr  17  .^liows  al  Irasl  no  rlrar-riil  roiil railirl ion  w  ilh 
ibis  liypotlirsis,  wililiii  llir  overall  rxprrimriil al  iiiirrrlainl v, 

Tl-RBVI.KNT  SIIKAK  STKK.SS 

riir  liirbnlriil  slirar  stress  ilisi  ribiil  ion  part//),  al 
r  1(12  inrlirs,  is  prrsriiteil  in  iliiiiriisiolilrss  form  in  liriirr 
|,S  anil  shows  (hr  same  hrhavior  as  in  the  smoolh-wall  rases 
I  refs  4  anil  Hii,  approarliilir  /no  apprrriably  faster  thai; 


# .  I  n 

l-’li.riti.  17,  H(Miiiil;ir> -ta>  cr  t  <irl  hiIi'Ih''’  Icv'l  .('  j  fAi.i-iin' 

I'l  irf<-*i  It  III  li  Tiu  \  -  j  H  •  -nil  111* 


(he  sipiareil  Hurl  mil  ion  inli-nsii  ir^  -a'  \  .  am!  a-' 

'I'hr  slirar  rori'rlal  ion  rorHirirlll  I!,  as  a'/-'  brroiilr-  ipillr 
iiiirerlaiii  in  ihr  iiiilrr  pari  of  ilir  bonmbiry  hi>ri-  bl•l•llll-r 
the  liieasiirrinrill  llirii  in\ol\rs  llir  lakili;^  ol  small  dillrr- 
riires  briwrrii  rrhiliirl\  hirer  iinrrrlain  rrailiiies 

xoRTii  irv  i-'i.i  I  ri  \Tio\  i,K\  i:i, 

'I'lir  inrii'iirril  ilisi  ribiil  ion  of  rooi -mraii-si|  narr  \oriirii\ 
Hurl  mil  ion  it',  ihr  .r-roiiiponriil  only:  iirross  ihr  boiimbirv 
layrr  al  .r  1(12  inrlirs  is  iriveii  in  fieiirr  IS,  'I’hr  insirumnii 
was  b\  rhalirr  siiHiririil  ly  sy  niiiirl  riral  llial,  wiiliiii  ihr 
purposes  of  ibis  iii\ rsi  ieai  ion ,  no  rorreriioii  lor  pani'iiir 
seiisil  ivil  irs  was  nerrssar>. 


s  ■  '  -  C 


i  / 


ai  ■'  '  co; 

"l ' 

j/  ‘rOfT' 

CO 

4. _  .  .  .  a.  -  o’  -  C 

C  ?  4  c-  8  iQ  -0 

> 

(■'n.riti.  IS,  Xnrlir'li  liiirl  uai  ion  ,iini  I  iirlaili-iil  'hraf--' ili-'irilta- 
lioii>  ill  lioiiiiilary  lairr  :il  J*  10*2  iiu-l.i--. 

INTKRMITTKNCV 

Boundary  layer.  'I'lie  iransxrrsal  ilistribiil ions  ol  inler- 
iiiillene\  7(//)al  several  ./--s;. -I  I  ions  in  ihe  boiniihiry  la\  cr  Kypi- 
ral  comparison  wilh  I  l  \  in  fi^.  KD  show  eoml  simiiariiy 
when  !/  is  iioriiiali/eil  with  ai.r).  the  sipiarr  root  of  the 
I  .seeoiiil  iiiomeiit  of  Oy  d//  with  y-oriein  rhoseii  so  that  Oy  di/ 
has  /.ero  lirsi  moment  (lie.  201.  .\s  poinled  oiil  in  the  "in- 
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t rodiict itui O7  0//  is  tlir  \'  of  )  (/),  th** 

insluiUiiiU'oiis  v-posiliou  of  llu-  front  Ix-twccn  lurlnilcnl  aiul 
tioin iirhult'iil  Ihiiil,  III  u  lixi'il  r.  'I'Ik'H 

<r(j)  [()■  r>']'  1^1  )')J  Cl) 

win'll'  dy  di/  is  wiillcii  11s  it  fiinclion  of  (1/  >'i.  'riii'iffori', 

airi  is  ii  siiitiililc  nn'iisurt'  of  the  wiiltli  of  tlir  inti'iiiiil ti'iit 
zoni'.  that  is.  of  tin'  wrinkit'  ainplil  inli'  of  tlin  t  iirlnili'in-t' 
front . 


0  12  3  4 

y ,  i  n 

I'l'.i  HV.  Typio:>l  ini •Tinii  1  rilnniun  IhmumI;mv 


KK  Inlfniiidriicv  <lj>i rihiil Inti.-  fnr  -rv*T;il  j'->i:iiiuii>  in 

hnuiul.-iry  layt-r. 

Anotin'r  imiiortanl  stnlislii-al  nn'iisnii'  of  tin'  t nrlnilcin-i' 
fi'onl  is  its  avt'i  iifri'  local  ion. 


I  (1)  |•'ulu■l  inn  nf  f  ./■ 

1^1  l-'illift  itni  nf  X. 

Kh.iuk  21,  Aniplii  ii(if  ami  avnraiit  pn-ilinii  nf  nirimlfiH'*’  Irnni  in 
^'ninulary  Kiy  r  a-  fuiictinn^  nf  x  and  x  x... 


/•,  in. 

l-'iniKK  22.  d’yiiicai  intiTiiiill^-tiry  tli-l  rihiit  inn  acrn-''  nHiml  ]>•!. 


Since  Of  di/  liirin'il  out  to  In'  synmict rical  anil,  in  fact, 
liilinilly  (iaiissian  within  the  c.xpcfinn'iital  pri'cision  (si'c  j 
'cction  '■  I’rolmliility  l)cnsit\  of  )'(t)”i.  the  ih'lcnninalion  j 
of  (T  anil  )'  was  consiilciahly  simi)li(ic<l.  Both  ctIj-i  anil  i 
I’lri  ate  civcii  in  (ifrnii'  -I  ami  &(.ri  is  iiiclmlcil  for  compari¬ 
son.  'I'hc  lonarilhmic  plot  was  nscil  to  cslitnalc  I'.xponcnis 
in  power-law  a|)proxiinal ions  for  the  three  (pianlilii's.  j 

'I'he  power-law  (iltiiie  has  heeii  ilone  with  the  hesl  eominon 
origin  for  the  three  sets  of  points  in  oriler  to  simplify  the 
comparison  concept. 

Round  jet.  Iniermitleiiex  ilata  fur  the  ronml  jet  eor- 
respomlint;  to  llie  ilala  for  the  hoinnlarx'  liner  are  <riven  in 
fiirnres  ‘>'2.  2.'{.  ami  24. 


KKKK-SrUKAM  Hor.ND.VUIKS  OF  IlKHl  LKN  l  FLOWS 


d  d 


Ainplit (idr  uf  turhulciitM'  from. 

(hi  .\v«*raii<'  p<)sitloii  of  nirl)ul«'hc«‘  from. 

KlfM  RK  2  I.  — Atnf)lil  udc  and  average  po.-i(ion  of  tnrlMiloiaM^  front  in 
round  jot  as  functions  <tf  x  2/„. 

Townsend's  plane  wake.  For  convciiicnt  coiiipanson 
'I'owiiscikI's  lust  ()ul)lishc(l  dula  (icf.  Kli  for  the  plane  wake 
have  heen  put  into  a  form  eorrespon<linjr  to  that  of  tlie  other 
(lata  (lijrs.  2.'),  21).  and  27). 

.Since,  however.  onl\’  the  points  for  r  d  .siltl  and  !t.7tl  ai'e 
in  the  fvllly  develoiied  wake,  no  att(Mnj)t  lias  Ixm'II  made  to 
determine  separate  power  laws  from  his  data.  Instead, 


Fiui  HE  25. — Typical  intcrmittciicy  distribution  across  a  plnin*  wake. 
( Data  from  ref.  lO.t 


Kookk  2t).  Intoriniiirncv  di^t rilmi ion-  for  x  •'taiioii'  in 

plan*-  wak*-.  <  I)afa  from  ii-f.  M».: 


i  Ki«;t  KK  27.  ,\inplit  mil’  and  avi-rai**’  po-iiitm  of  i  urlnili'iu-t-  front  in 
I  plan*'  waki'  a-  function'  of  .r.  (Data  from  r*’f,  lit.) 


1  paruhoiils  luiA'o  lu-mi  driiwii  with  his  rhoict'  of  a[)[>af(‘ni 
i  orisrin  simply  to  show  tliat  his  results  are  not  in  contradiction 
!  with  the  paraholie  and  )  (./i  (prolieted  theoretieallv 

i  in  a  later  section). 

! 

I  SIWTISTICAI.  .ANALYSIS  OK  ON-OKK  INTKRMI TTKNCY  SIONAI. 

(Output  of  Schmitt  Trieiter) 

I  As  sketched  in  liirnre  ti.  one  sta^e  in  the  eleetrieid  si^md 
i  manipnlation  siapienee  is  -.i  two-vahied  (on-olf)  random 
fimetion.  'Fhese  llat-lop  pidses  Innc  duration  eipial  to  the 
j  time  spent  h\  the  hot-wire  in  tmhident  llnid  and  spacin': 
I  eipial  to  the  time  spent  in  nontiirlmlent  fluid. 

Two  hasie  statistie!d  ehariieteristies  of  siieli  a  rsindom 
on-olf  sifxnal  are  (a)  its  power  speetrmn  !ind  (ti)  the  proh- 
ahilit.x  densities  'if  its  top  len<rtlis  and  its  bottom  leiiirths. 
Fxeept  in  sjieeial  ea.ses.  no  one  has  yet  deduced  a  relation 
between  these  two  functions  (see  section  I'rohahility 
Density  of  Pulse  l.eiifTths"). 

.'since  the  jumps  in  this  sijrnal  are  freiierated  by  the  random 
oeenrrenee  of  a  partieiihir  amplitude  of  a  more  general  sta¬ 
tionary  random  variable,  that  is.  its  [iroperties  give 

some  information  on  the  properties  of  17/1.  F'or  example, 
the  prohahility  densities  of  top  and  bottom  lengths  indicate 
the  statistical  distribution  of  wave  lengths  of  the  turbnlenei 
front,  though  less  directly  than  the  wav  in  which  dyldi/  gives 
*  the  statistical  distribution  of  amplitiiih's.  A  detailed  dis- 
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ciissioii  follows  in  (lii‘  section  “Stiitistieill  l)es«Ti|ilioli  <tf 
Tiirhuleiiee  Front." 

The  power  speetruni  of  the  on-olf  signul  must  he  related 
to  that  of  the  total  hot-wire  si>;nal,  Ihoiisrh  not  in  any  simple 
fashion.  As  will  be  pointed  out  later,  eonsidtwinf;  tiie  total 
sii;nal  as  eontiniions  t urhuh'iiee  modulated  hy  this  on-oll 
signal,  it  ap|)ears  that  carrier  and  modulation  must  he 
statistically  independent  for  the  [xiwer  spectra  to  eomhine 
simply. 

Fifjure  2.S  is  a  series  of  power  spectra  of  the  .'sehmill 

trififrer  output  at  various  values  of  y  for  r  I (12  inches. 
Statistical  symmetry  of  F(n  (indicated  hv  the  approximate 
symmetry  of  dy/dt/i  re(|uires  that  F,(n)  for  intermitieney 
7  7,  he  (Mpial  to  Ffin)  for  inti'rmitti'iiey  y  1  7|.  Fi*:ure 

2!t  ^ives  the  pridiahility  densities  of  to[)s  and  of  bottoms  at 
the  same  hot-wiri'  locations.  'I’hese  were  ohtaini'd  by  direct 
measurement  of  oseillojiraphie  records. 

The  solid  liiii'  in  (ifiure  2S  is  the  theoretical  power  spectrum 
for  a  random  llat-top  sijrual  whose  jumps  have  a  Poisson 
distribution  in  time  (see  si'ction  "Power  .Spectrum  of  .Schmitt 
'rri^oer  Output."  especially  eip  (SSil. 


Kiel  lu:  28.  I’liwiT  s|ieeli:i  iif  .Scluniti  IriaciT  oiMpilts  for  Itiree  dilfer- 
eiit  interiiiiticiicies  in  lioiiinlarv  lii.ver  ;it  x~  tU2  incties. 
h\(n)  1  ■ 

I  I  2.4!t>  to  *«-'■ 

THEORETK'AL  EXISTENC  E  OF  TURBULENCE  FRONT 
Althoutfli  the  relatively  sharp  front  between  turhuieiit 
and  nonlui’hulent  fluid  has  been  well  established  experi¬ 
mentally,  this  apparently  uhiijuitous  [ihenomenon  must  still 
he  exiilained  and  exjilored  analytically,  'riie  oseilloeraphie 


I'liiCHK  20.  -I’rob.'iliilily  (lensil ies  of  seniiieiu  li'i>atli>of  iiil eriiiii lent 
sisfuil  for  lliree  ilitTerent  intermit (eneies  in  lionminrv  Inver  ;it  x--  IU2 
iiielies. 


records  indicate  that  it  is  likely  to  he  a  houndary  between 
rotational  and  irrotational  motion.  'I'he  theoretical  dis- 
eiission  will  therefore  aim  first  at  heuristic  demonstration  of 
this  concept  by  showiiifr  in  this  context  the  known  fact  tluit 
turbuli'iit  strt'tehin'.r  of  the  vortex  lines  in  a  local  vortieity 
ijradient  tends  to  stee|)en  tin'  irradient  (leadin>r.  of  course,  in 
the  limit  to  /'ero  vortieity  on  one  side). 

Sueeeedim.'  sections  will  discuss  some  of  the  ramilieat ions 
of  this  physical  pietiiri'.  in  prepai-ation  for  the  more  detailed 
analyses  which  follow,  'riie  decree  of  acreement  hetwi'eu  the 
predictions  of  tlii'se  analyses  and  actual  experimental  results 
will  provide  further  indication  of  the  validity  of  the  hypoth¬ 
esis  that  the  nonturhuleiit  (ield  is  actually  irrotational. 

STKEPENINO  OF  A  VORTKITY  ORAOIENT  WITH  LOCAI,  PRODfCTION  OF 

VORTICITY 

.Since  the  distinction  to  he  made  here  hetwi'cii  turbulent 
and  nonturhulent  (low  is  on  the  basis  of  presence  or  absence, 
respectively,  of  random  vortieity  lluetuations,  the  boundary 
phenomena  must  obviously  he  studied  in  terms  of  vortieity 
as  a  principal  eharaet eristic  variahh'. 

The  vector  form  of  the  vortieity  eipiation  for  three- 
dimi'iisional  incompressible  viscous  flow  is 
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wlicri'  •'^•okos  (Iciiviilivf  (foilo\viiii>  a 

tliiid  i‘li‘nji‘iil ),  U  is  toiui  vorticit  v  vcclor,  tj  is  total  volocil.v 
vector  ami  v  is  kim‘inatic  viscosity. 

liitrodiiciiij;  a  Reynolds  l.\|ic  restriction; 

ii(r.t)  =  U{r)  +  y}(r,l)  i  =  lt 

^r.t)  =  (£i:)  +  (£r.t)  7=0 

c<)uatioii  (8)  yields  the  inean-vortieity  erniation: 


{Q-V){J+{(l-V)w=(i±^)Q+(uX)(i+vT;-Q 


m 


Suhtraetiiig  etiuation  (0)  from  cfiuation  (S)  leaves  the 
e((uatiou  for  vortieity  fliietiiatioii: 

du) 


J  +  (7-V)y+(£-V)oi+(7.V)u-(7.V)co= 


(fi-V)7+(to-V)(^+(u-V)7-(u-V)7+rV-(^ 


(10) 


'Pile  scalar  product  of  u  with  eciuation  (10)  <;ives  the 
((iiatioi)  for  iiistautaiieous  vortieity  iiiteusity: 


1  Dili' 


f,f  +iiKl('/T)0!-‘!!-l(V-V)uil=‘iJ-l(SJ'V)7l  + 


w-((-uv)Vl+a-[(c<)-.A)7l— u-l(u)-v)7lT-»'(iJ-(y*‘s) 


(11) 


III  C’!U't(-siau  tensor  notation,  hut  keeping  vortieity  as  a 
vector  instead  of  an  antisvinmolrie  second-rank  tensor. 


•2 ^Dt  d7r^'  l7j 

O'  d";  ‘a) 

where  a  repeated  ind(*.\  indieati's  summation  and  a,-’=$A4- 
'Phe  avera>red  e(| nation  is 


1  p  Oui-  1  d  . - r,  —  dif  =  ^  dw,  , 

2  ^  ’  drj  +2  dj-j  .A  ..  A  ..  + 


Oj'j 


dJj 


TT  'j-£  £  rp^ 


It  was  'I'avlor  (ref.  I7i  who  first  identified 


.  .  0". 
C  v 


dj-; 


(12) 


as  the 


1  dw'  ,  1  du-  .  /  Oii  \ 

2  dt^2^>dfr^‘V^d.rj) 


(i;{) 


It  appears  that  no  eonelusion  can  he  reached  without  further 
restriction.  Since  the  vortieity  spectrum  varies  like  k-F{l-), 
till"  runninir  seeotid  moti’enl  of  the  velocity  spectrum. 


vortieity-ilominat(‘d  pheuomeiia  must  hi  as.Mieialed  with  the 
fine  structure  of  the  turouleuee.  espei  iall\  for  hi^h  values  of 
turhulenee  Reynolds  numhei-  yoi^a'Xr,  where  ii'  Is  root- 
mean-s(piare  velocity  llueluatiou  in  the  ./-direction  and  X  is 
the  Eulerian  mierosi-ide  For  lar>re  enomrh  values  of  A’, 
there  .shoidd  exist  a  lime  lone  eompaicd  with  that  eliarae- 
teriziiifj  the  main  hod\’  of  vortieity  lluetualions  hut  short 
compart'd  with  that  charaeteri/.ine  the  laiyrest  seiile  veloeilx 
fluctuations,  which  dominate  the  eonveitive  properties  of 
the  lurhtdenet'.  Ftir  example,  one  can  expect 


rx, 


«1 


04) 


where  is  tlu*  root-mean-stpjare  j-eompoiieiii  of  toriieitv 
fluctuation  and  X,  is  the  I.,a>rrani:ian  time  mieroseale  (ref.  li. 
Introtlueinj;  X,  =  r'X,  (ref.  18)  ami.  with  local  isoti'opy.  th(> 

isotropic  rt'lation  >  etpitilion  (14)  heeonies 

\ 


0.4 


1 1  .■>) 


or.  in  lei'ins  of  A\,  the  larire  A’,\  approximation  for  X  X.  ”ivi 
tref.  18; 

2.4 


<1 


(Hi) 


For  flows  with  etpiation  (Hi)  valid.  e(|ualion  (HH  could  he 
averafred  ovi-r  a  time  loni:  enousrh  to  itvei'airt'  vortieitv 
phenomena  hut  shoi’l  for  eon\-eetive  velocity  phenomena: 


1  du)'  ,  1  6u-  ^  _  dUt  , 

2  dt  +2  dr, 


(17) 


wlit're  (  )a(  )  for  the  line-strueltiri' variables. 

'Pht>  velocity  derivative  has  eharaettu'istie  time  like  that 
of  vortieity. 

Since  the  ohjeetive  is  to  show  the  s(ee|)enin,ir  of  <lie  u- 
•rradient  in  the  ahsenei*  of  i>.  omit  the  last  term  and  write 


rate  of  |)roduetton  of  vortieity  fluctuations  hy  the  random  | 
slretehinir  of  vortex  lines.  It  is  lareel.v  the  ahsenee  of  this  | 
effect  that  makes  fully  two  dimensional  motion  tiivial  in  the  | 
prohleni  of  fiillv  developed  turhulenee. 

'Po  <lemonslrale  the  letidenev  of  a  vortieity  <rradieni  to 
sle(‘|)en  in  the  presence  of  this  vortieity  production  elfeet, 
eotisidei-  the  sitnitlified  form  of  eiiuatioi)  (I  la)  fora  (low  with 
no  mean  veloeitv  or  voi-tieitv: 


'Pherefore, 


1  du, 

2  Dt  dr, 


1  D  I  ^  /  t  £ 

2  IJt\  d!/  /~dy  drj 


(PS) 


(HI) 


'Paylor  (i-ef.  17)  hits  shown  that  for  isotro|>ie 

I urhuli'ilee.  In  fact,  since  this  inetpiality  just  ex()r('ssi-s  the 
eenertil  tendency  for  fluid  lines  to  len^tlu'U  in  a  lurhulent 

flow,  it  seems  elciir  that  i"  lurhidem  e.  ’Phl•u, 

if  siv/^~is  monotonie  with  it  follows  from  e(|uation  (1!)) 


that 


same  sis'll  as  du'ldy,  which  nii'ans  a 
steepeiiinfr  of  this  w’  <;ra.dienl. 
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Till'  jihysii'iil  TTiison  lor  tlic  stoopoitinj;  t(‘iuli>nc\  is,  of 
course,  just  llie  fact  tliat  tlie  rate  of  proiliietioii  of  new 
vorticity  by  line  stretehinj:  is  proportional  to  tli«'  voiticity 
already  present  at  any  point  in  the  fluid.  Ifi'iiee  the  hifllier 
vorticity  rej'ions  experience  a  j'reater  rate  of  increase  of 
vorticity  than  the  lower  vorticity  rei'ions,  that  is.  the 
gradients  tend  to  steepen  up,  limited  finally  hv  viscous 
diffusion  and  dissipation.  Of  course,  the  Kradieut  of  con¬ 
cern  here  is  that  in  the  zone  hetween  fully  turhuleni  fluid  and 
nonturbulent  fluid.  A  stee()('ning  of  this  gradient  means  a 
tendency  toward  a  relatively  sharp  surface  of  demarcation 
between  the  two  states.  'I'he  above  iliscussion  does  not 
treat  the  question  of  the  etjuilihrium  thickness  c  of  the  laminar 
superlayer  that  results;  this  will  he  estimated  later.  Of 
course,  for  the  turbulence  front  to  he  sharp  as  observed 
exiierimentally,  it  must  he  shown  that 

Although  the  analysis  is  valid  only  for  extremely  high 
values  of  li\.  far  higher,  in  fact,  than  those  that  occur  in  the 
expiu-iments  reported  lu're,  there  apjiears  to  he  no  reason  for 
the  situation  to  change  epialitatively  at  lower  values  of  h\. 
as  long  as  nonlinear  eflects  in  the  Xavier-.'stokes  e(piations 
remain  important,  for  example,  A'x>ll>. 

LAMI.NAR  SUPERLAYER 

Vorticity  can  he  transmitted  to  an  irrotational  flow  only 
through  the  tangential  forces  due  to  viscosity;  it  cannot  he 
transmitted  to  the  irrotational  flow  by  macroscopic  Reyn¬ 
olds  type  shear  forces.  It  therefori'  follows  that  the 
instantaneous  bonh'r  zone  lying  hetween  turbulent  fluid  ami 
irrotational  fluid  must  be  a  region  in  which  viscous  forces 
play  a  central  role,  in  spite  of  th(>  presence*  of  velocity 
fluctuations  which  dominate  the  gross  moiiK'iitiim  transfer 
of  the  turhuh'Ut  field.  'Phis  border  zone  may  he  te'rined  the 
latninar  superlayer  and  is  exactly  what  is  also  referred  to  in 
this  report  as  the  turhuhmee  front,  althotigh  tin*  latter 
designation  implies  emphasis  on  its  overall  hehatior  rather 
than  its  detailed  structure. 

'Phis  laminar  superlayi'r  differs  in  function  from  the  well- 
known  laminar  sublayer  at  the  smooth  solid  boundary  of  a 
channel.  pi|)c,  or  boundary -hu  er  flow.  'Pin*  sublayer  is  a 
relatively  fixed  region  in  which  mean  flow  monKUitiiin  is 
transported  primarily  by  a  net  mean  viscous  (laminar) 
shear  force.  It  transmits  little  mean  vorticity  (being  a 
zone  of  roughly  constant  iUi/))  and  it  remains  “attached” 
more  or  less  to  the  same  fluid  particles.  On  the  other 
hand,  the  superlayer  is  a  (convectively)  I'amlomly  mov¬ 
ing  layer  of  fluid  which  probably  transports  relatively 
small  amounts  of  menti  momentum  and  vorticity  by  viscous 
shear  forces;  its  ilistinguishing  function  is  transport  of 
vorticity  fluctuations  and  mean  vorticity.  when  jiresent, 
into  what  was  previously  an  irrotational  field,  and  in  so 
doing  it  continuously  propagates  (relatively  to  lo<*al  fluid) 
normal  to  its  local  “plane.” 

Sketches  (a)  and  (b)  illustrate  the  concept  of  the  super¬ 
layer  as  a  very  narrow  zone  in  which  the  vorticity  fluctuation 
level  and  the  total  shear  (if  any)  drop  from  values  charac¬ 
teristic  of  fully  turbulent  flow*  to  practically  zero. 


Ftuctuoting  potential  flow 


Uiy) 


Turbulent  flow 

Skctcfi  i;t ). 


While  the  instantaneous  local  viscous  shear  force  in  a 
laminar  sid)layi'r  is  predominantly  in  the  direction  of  ihe 
mean  shear  force,  that  in  the  superlayer  must  iia\e  a  uiucli 
higher  fluctuation  level,  often  reversing  its  direction,  for 
e.xample.  In  fact,  in  a  flow  field  w  ith  constant  mean  velocity 
everywh('i'(>.  tin*  sui)erlayer  viscous  shear  force*  woulil  have 
no  nii*an  value*  at  all. 

'Pin*  elise'iission  he*aelcel  “.Sieepening  of  ee  \'e)rlicity  (li*adie*nt 
With  Local  Production  of  \’ortie’ity”  is  a  justification 
(not  a  proof)  of  the*  e*xpe*rime*ntal  fact  that  the  ceuitinnenis 
fluiel-line  stre*tching  elite*  to  the*  vi*locity  llue'tuations  teiiels 
te)  st(*e*pe*n  u[)  the  lamitnir  supe*rlaye*r.  'Phis  ste*ep(*ning 
e*ll'i>e’t  is  re*inforci*il  by  the*  projiagation  anel  must,  of  cennsc. 
be*  balance'el  emt  at  semii*  state*  by  the*  elilfusivi*  action  of 
vise*e)sit,\ .  so  that  the*  superlayi'r  must  luivi*  sonic  ave'rage* 
thickne'ss.  Kriun  the*  oscillograms,  it  appe-ars  that  this 
quantity,  e  say,  is  vi*rv  small. 

Some  hi'uristie*  e*ommi*nts  can  be  Jiiaele  about  this  thickness. 
First  of  all.  sin<*e  the*  lave*r  is  primarily  a  vortie*ity-pro|)agating 
elevice,  its  tbii'kness  shonlel  be*  le*ss  than  a  li'iigth  character¬ 
izing  verrtii'ity  llue-tuations  on  the  turbulent  side  of  the 
bounelary.  for  example,  the*  dissipation  s<*ah*  X  ('Pavlor's 
mii*rosi*alc).  In  fae*t,  as  a  e'harai'ti*ristie'  vise'ous  shear 
Ii'ligth.  it  might  be  i*xpei'ted  to  be  the  same*  order  as 

Kolmogoroff’s  minimum  h*ngth  ( )  ’  where  4*  is  the  rate 

of  dissij>ation  of  turbuh'iit  i*ni*rgy  i)er  unit  mass  of  (Inid. 

A  sei*onil  intuitive*  spi*e*ifii*ation  is  that,  as  .1  elently 
elisturbe'il  free  laminar  shi*ar  layer,  its  characterist  ic  Ki*ynolels 
number  shoulel  be*  on  the  oreler  of  the*  lower  e*ritie-al  Ke*ynolels 
number  for  free  laminar  shear  layers.  A  possible  e-hoie-i*  of 
oharae'teristie*  inslantane*ous  Ri*.\niol<!s  numbe*r  woulel  be* 
that  baseil  on  thie*kni*ss  anil  instantaneous  tangi>ntial 
vi*loe*ity  elifTere*ne*e*  A  across  the  superlaycr.  Whe*n  the* 
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lo 


instantaiu'ous  viscous  shear  force,  S»^  =  I)er  unit  area  in 

the  |)lane  of  the  front,  has  a  nonzero  averajite  (i.  e.,  a  pre¬ 
ferred  direction),  a  plausible  average  Reynolds  ntiniber 
might  be 

(20) 

V 

where  A  is  the  magnitude  of  A.  Of  course,  A  and  «  are 
doubtless  negatively  correlated,  but  inclusion  of  such  a 
refinement  wouhl  b(‘  inconsistent  with  the  crude  nature 
of  the  discussion. 

For  turbulence  fronts  in  which  there  is  little  or  no  mean 
velocity  rlifference  across  the  superlayer,  the  abov(>  definition 
is  ina])plicable  and  might  be  replaced  by 

(21) 

V 

again  o  'liling  the  implications  of  A«  correlation. 

•Since,  however,  there  still  e.xists  no  analysis  relating  A 
to  the  properties  of  the  turbulence,  a  third  definition,  re¬ 
placing  i.jR,  and  including  such  properties,  is  preferable: 

(22) 

V 

In  fact,  t’lis  defiitition  is  not  too  different  from  the  other  two: 
A;«  must  be  of  the  same  order  as  the  neighboring  turbulent 
vorticity  fluctuations. 

Given  an  order  of  magnitude  of  the  lower  critical  Reynolds 
number  for  free  laminar  shear  flow  plus  a  measurement  or 

estimate  of  turbulence  near  the  front, 

an  estimate  can  be  made  for  t. 

The  only  information  available  for  estimating  the  desire<l 
Reynolds  number  is  the  partial  analysis  of  Lessen  (ref.  19), 
a  small-perturbation  analysis.  Extrapolation  ot  his  neutral 
stability  curve  (a  highly  inaccurate  process)  suggests  an 
estimate 

1<A'.<10 

The  measured  turbulent  value  of  for  a  typical  case 
(fig.  18)  is  about  400  per  second,  which  gives  a>'~700  per 
.second,  if  there  is  approximately  local  isotropy.  With 
V  0.15  srpiare  centimeter  per  second  the  estimate  of  super¬ 
layer  thickness  turns  out  to  be 

0.01 5< e<0.05  centimeters 

This  appears  to  be  a  reasonable  order  of  magnitude  since 
X»0.2  (cntimeter  in  this  jiart  of  the  flow .  The  Kolniogorolf 

l<>ngt!i  roughly  O.Od  centimeter. 

In  concluding  this  section  it  should  be  mentioned  that, 
although  no  systematic  measurements  of  A  have  been  made, 
rough  estimates  from  oscillograms  in  the  intermittent  zone 
of  the  boiimlary  layer  indicated  the  order  of  0.05  to  0.10 
times  f'„.  'I'his  average  velocity  defect  indicates  the 
obvious  fact  that  turbulent  boundary  bulges  originate  in  a 
region  of  lower  mean  velocity  and  also  represents  the  presence 
of  vorticity  and  of  locally  laminar  shear. 

35738r — 5« - 3 


A  simple  mathematical  model  of  the  laminar  superlavi  r 
will  be  taken  up  as  a  separate  section  in  the  discussion  of 
liropagation  velocity  of  the  turbulence  front. 

The  following  im|K>rtant  inference  can  be  made  tut  the  liasis 
of  the  highly  localized  character  of  tin*  laminar  superhiyer: 
.Since  no  appreciable  viscous  effects  extend  beyond  this  thin 
layer,  and  since  only  viscous  effects  can  Iransinil  vorticitN  , 
it  follows  that  Iht  mtaii  nlucitij  tm  ijirhin  in  tin  pnh  nliiil 
part  of  thr  flow  roust  bi  coiistaiit  atol  npml  to  that  at  "inflnitp." 
This  is  a  consetpienct'  of  the  fact  that  the  mean  voiticit\  is 

<2=  dT/dy. 

This  conclusion  will  be  analytically  einphasizid  in  the 
following  section.  It  is  in  contrast  with  an  assumption  of 
'I'ownseiid  (ref.  10)  that  the  nontiirbiih'iit  fluid  lying  betw  ccii 
bulges  in  the  turbulence  front  ’‘is  const niined  by  pressure 
gratlieiUs  to  move  at  the  same  mean  velocity"  as  the  lluiil 
in  the  adjactnit  turbulent  bulges. 

IRROTATIONALITY  AM)  REYNOLDS  SHEAR 

In  view  of  the  evidence  that  the  fluctuations  outside  a 
turbulence  front  are  irrotational.  it  is  pertinent  to  take  a 
look  at  the  customary  tnrbtilcnt-flow  etpiations  (actually 
valid  for  anv  stationary  fluctuationsi  for  the  [tarticnlar  ctisc 
of  irrotational  finctiiations.  'I’he  hope  is  that  some  drastic 
simplification  will  appear. 

In  Cartt'sian  tensor  notation,  the  Reynolds  etpnitioti  for 
steady  nn'an  motion  is 


7-:  dl't  I  d/',  d  , - 

(  A-  -brV'f  j— (ll|Uj)  (J.i) 

bst  P  c)/, 

'I'he  last  term  is  the  ttirbulent  apitarent  forci'  vector  or 
Reynolils  vector. 

For  irrotational  fltict nations. 


therefore, 


du,_dUj 

djTj  dj'i 

2  dr,  “2  dr, 


which  shows  that  the  Reynohls  force  reduces  to  a  noriniil 
force  only,  since  it  is  expressible  as  the  gradient  of  a  scalar. 
The  Reynolds  ecpiation  can  then  be  writtcti 


and  this  form  emphasizes  the  fact  that,  regardless  of  the  mean 
velocity  field,  irrotational  fluctuations  yin  no  ntt  appannt 
shear  forces  on  a  fluitl  fit  ment.' 

This  does  not  necessarily  mean,  however,  that  the  Reynolds 
shear  force  on  a  plane  is  zero  or  that  the  Reynolds  stress 
tetLsor  —pupFn  has  only  leading  diagonal  terms.  Also  there 
may  still  be  a  continuous  “prodtiction’’  of  fluctuating  kinetic 
energy,  that  is,  a  transfer  from  the  mean  motion  kinetic 

energy 


>  This  fuel  WJL8  out  hy  Dr.  K.  M.  ('lausor. 
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Comparison  of  equations  (2;5)  and  (25)  for  tin*  caso  of 
motion  two-dinionsional  in  the  mean  (tiiree-dinieiisional 
irrotational  Huetuations)  yields  the  relations  for  the  Reynolds 
shear  force  components 


bur  lb—,,— 
dy  =2 

(20) 

bx  2  by 

(27) 

which  may  also  be  regarded  as  a  pair  of  differential  (‘qnalions 
relating  the  four  nonzem  components  of  the  Reynolds  stress 
tensor. 

Two  provocative  forms  follow  from  alternativ(>  <-ombina- 
tions  of  equations  (26)  and  (27): 


and 


b-uf^dhir _  d‘ 
dj  -  dif  ~dr  di/  **  * 


b'-ur  b'^uf  _  b'W- 
dr-  '  b)/  bi  b}/ 


(28) 

(29) 


Eipiation  (28)  gives  the  interesting  conclusion  that  if  «-  -r 
is  constant  in  cither  r  or  //  the  turbident  shear  stn-ss  satisfies 
a  homogeneous  plane-wave  ('quation  with  characteristics  at 
±4')°  in  the  /(/-plane. 

For  the  particular  flows  studied  in  this  report,  the  experi¬ 
mental  results  show  that  It?  approaches  zero  faster  than  «'r' 
as  )/  (or  /•)  is  increased.  'I’his  seems  to  itnlicate  that  577’ -^0 
in  the  potential  field.  Howev(>r,  insufficient  cov<>rage  and 
accuracy  of  the  data  preclude  the  possibility  of  checking 
this  through  equation  (28).  Since  577  r  -0  for  y  oo, 
such  a  check  would  re<iuire  that  throughout  the  po¬ 

tential  field. 

Parenthetically,  viscous  fluids  with  zero  net  shear  force  on 
a  fluid  element  but  with  nonzero  shear  stress  are  far  from 
unknown  mathematically:  Any  irmtational  laminar  flow  of 
a  viscous  fluid  is  such  a  case  (aside  from  the  trivial  case  of 

^Constant ).  The  requirement  on  a  stress  tensor  aa 
that  it  produce  only  normal  forces  is  that 


b<T>,^ba 

d/t  d/( 


(30) 


where  f7  is  a  scalar. 

The  principal  significance  of  equation  (25)  in  the  general 
problem  under  investigation  is  as  follows:  Assuming  that 
the  fluctuations  on  the  free-stream  side  of  the  turbulence 
front  are  actually  irrotational,  as  both  measurements  ainl 
heuristic  reasoning  indicate,  the  mean  velocity  there  must 
be  equal  to  that  for  y  co .  This  verifies  the  phj'sical  infer¬ 
ence  drawn  in  the  previous  section  from  the  concept  of  the 
localized  laminar  superlayer. 

It  appears  parado.xical  that  tlie  mean  flow  kinetic  energy 
should  be  unchanged  in  a  zone  where  there  has  appeared  an 
appreciable  kinetic  energy  in  velocity  fluctuations.  How¬ 
ever,  the  latter  can  come  from  the  turbulent  part  of  the  field 
through  nonviscous  effects,  Icav'ing  mean  flow  kinetic  energy 
in  the  potential  zone  unchanged.  Tliis  would  be  consistent 
with  the  inference  that  577=0. 


Probably  the  highest  intensity  random  irrotational  lluc- 
t nations  c’asily  available  in  the  laboiatoiy  arc  those  in  ihe 
■‘potentiid  cone”  of  a  round  turbulent  jet.  These  appai-eiitl\ 
get  as  high  as  w'/f ’«5  percent  (r<‘f.  2). 

Equation  (28)  also  can  be  deduced  (or  the  siiecial  case  of 
a  constant  mean  velocity  field  with  arbitrary  fluctuations, 
provuled  only  that  the  mean  values  arc  plane,  that  is. 


THEORETICAL  BEHAVIOR  OF  TURBULENCE  FRONT 

As  mcntioneil  in  the  “Introduction,”  two  of  the  fluid 
mechanically  pertinent  characteristics  of  the  relatively 
sharp  botindary  between  turbulent  atid  nonturbuleiit  fluid 
arc  (a)  its  tnean  rate  of  increase  of  wrinkle  am|)litudc  iti  the 
downstream  direction  and  (b)  its  mean  velocity  of  propaga¬ 
tion  transvcrselv  into  the  irrotational  fluid.  The  following 
st’ctious  reitresent  crude  theoretical  attemjits  to  |)redict 
these  two  characteristics  in  terms  of  the  statistical  proiterties 
of  (he  ftilly  turbulent  flitid  oti  one  sidi’  of  the  boutidarv. 

WRINKLING  RATE 

In  turbulent  flows  with  Its.  grcati'f  than  abotit  10,  theri’  is 
no  reason  to  expi'ct  any  particular  chtmk  of  fluid  to  return 
to  the  nontttrbitlent  state  once  it  has  become  turluilent. 
'riicrefore,  the  |)resence  of  tiirbtilcncc  iti  a  stnall  piece  of 
fltiid  can  b(>  regarded  as  an  indclibh’  tagging,  somewhat  lik<' 
heat  or  a  chi’iitical  contaminant.  Were  it  not  for  the  con- 
tintious  propagation  of  the  ttirbiilcnce  front  into  new  fltiid. 
this  front  would  always  consist  of  the  satin'  flitid  particles 
and  would  obviously  be  susceptible  to  a  Lagrangian  study 
in  terms  of  'I'aylor’s  theory  of  diffusion  by  continuous  move¬ 
ments  (ref.  20).  as  has  bet'ii  ajiplied  to  the  wrinkling  rale 
(identical  to  turbulent  difriision  ratt')  of  a  very  thin  sheet 
of  thermall.v  tagged  fliiitl  in  a  turbulent  flow  (refs.  1  and  IS). 

In  fact,  a  uniform  translational  velocity  F*  of  the  tagging 
attribute  relative  to  the  fluid  does  not  render  'raylor’s  con¬ 
cepts  invalid;  it  does,  however,  require  a  generalization  of 
the  analysis  to  a  mi.xed  Eulerian  and  Lagrangian  treatment, 
though  somewhat  different  from  the  relative  dispersion  case 
set  up  by  Brier  (ref.  21)  and  by  Batclu'lor  (ref.  22). 
Clearly  in  the  limit  of  (e.  g..  wrinkling  of  a  Mach 

wave  propagating  through  low-speed  turbulence)  it  reduces 
to  a  simple  Eulerian  diffusion  problem,  while  in  the  limit  of 
r*<Cr'  the  purely  Lagrangian  analysis  of  'ravlor  ai>])lies. 

For  the  present  problem  it  appears  that  neither  of  these 
limiting  conditions  holds,  although  the  latter  is  closer. 
Consider  the  rough-wall  boundary  layer  at  /  102  inches 

as  an  e.xample: 


Xjj(r-5*)«o.i 


where  v'll'  is  taken  in  the  fully  turbulent  zone  adjacent  to 
the  intermittent  zone.  This  formula  is  deduced  in  the 
section  “Applications  to  Particular  Turbulent  Flows.” 

Since,  the  basic  problem  (diffusion  of  a  front  propagating 
through  a  homogeneous  turbulence)  has  yet  to  be  analyzed, 
the  present  phenomenon  will  be  estimated  as  though 
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Subsoqui'iit  approxiimitioiis  are  consistently  rough. 

Another  peeuliar  property-  of  the  present  problem  is  that 
the  surfaee  whose  turbulent  diffusion  is  of  interest  has 
turbulent  flow  on  only  one  side;  the  thermally  tagged  sur¬ 
faee  used  in  eonventional  diffusion  studies  has  the  same 
kind  of  turbulenee  on  both  sides.  However,  the  theory  of 
diffusion  by  eontinuous  mov'enients  is  simply  a  kinematie 
analysis  based  on  the  presumably  given  veloeity  statisti<-s 
of  the  fluid  particles  in  the  surfaee.  If  these  are  eorreetly 
given,  no  further  information  or  restriction  is  necessary. 
Therefore,  since  the  purpose  of  this  section  is  to  predict  the 

form  of  (T(r)  =  T)'  in  terms  of  the  properties  of  the 

fully  turbulent  zone,  the  oidy  additional  assumption  neces¬ 
sary  is  that  the  velocity  fluctuations  of  the  flai<l  particles  in 
the  front  are  proportional  to  those  in  the  fully  turbulent  fluid 
near  the  front. 

The  analysis  of  one-dimensional  diffusion  by  continuous 
movements  for  a  homogeneous  field  with  no  mean  motion 
leads  to 

j'RMdr  (dl) 

where  a  is  the  standard  ileviation  of  the  distance  traveled  due 
to  turbulent  convection  and  A’t  is  the  Lagrangian  correlation 
coefficient.  For  times  long  compared  with  that  for  which 
the  familiar  asymptotic  form  results: 

<r(t)  =  t''y'2Q  (d2) 

where  —  j  is  the  Lagrangian  (time)  scale. 

If  a  relatively  high  titiiform  nteati  velocity  in  the  /-direction 
is  introduced  (f,'3>r'),  e<iuations  (til)  atid  (;i2)  can  be  inter- 
])reted  appro.ximately  in  spatial  terms  sitict'  ('<«/  for  any 
particle  (refs.  1,  18.  and  2;{l.  'riien 

<7(/)»L-\2.\;/  (.'{;{) 

where  \i,  =  L'L,  is  an  appro.xiniate  longituditial  Lagrangian 
length  scale. 

It  has  been  pointed  out  in  previous  publications  (refs.  18 
and  24)  that  the  most  concise  representation  in  such  a  flow 
follows  from  introduction  of  a  transversal  Lagrangian  length 
scale  =  Then 

<7(/)«-y/2(^0£;,/  (84) 

which  gives  the  dispersion  (identical  to  surface  wrinkle 
amplitude)  at  large  distances  from  a  fixed  s«)urce  of  tagging, 
when  f(t)  following  a  fluid  particle  is  a  stationary  random 
variable  and  U  is  constant. 

For  the  hypothetical  case  of  the  turbulence  front  boim<liiig 
a  turbulent  motion  homogeneous  in  the  stream  direction,  this 
asymptotic  form  would  pertain;  the  “source”  lies  indefinitely 
far  upstream.  Howev'er,  in  virtually  all  turbulent  flows  of 
interest,  the  statistical  properties  of  the  motion  vary  with  /. 
Consequently,  application  of  equation  (34)  to  these  cases 
implies  the  further  restriction  that  these  /-variations  be  slow, 
that  is,  that  there  be  little  change  in  an  /-interval  comparable 
with  At. 


A  particular  example  of  the  degria-  of  valulity  of  this 
restriction  can  be  drawn  from  the  case  of  decaying  isoiro|)ic 
turbulence,  where  Lagrangian  scales  have  actually  been 
measured  (ref.  18).  At  4:5  mesh  lengths  behind  a  l-incb- 
square  mesh  grid  of  ‘i-inch  dowel,  with  f'~2.j.,S  feel  per 
second,  it  is  found  that  r'/f  =2.0  percent,  17  inches,  and 
ilr'/<lx  corresponds  to  a  change  of  about  h  in  r'  l'  over  an 

/-interval  equal  to  .it.  However,  ^  A,,  is  onl\'  on  the 

ortler  of  ().():5. 


In  most  shear  flows,  the  r'7  ’  changes  will  be  slower  than 
for  this  decaying  isotropic  turbulence  while  the  changes 
may  be  slightly  faster.  In  general,  it  can  be  anticipated  that 
in  the  appIi(mtion  of  etjtiation  (34)  to  boundai-y  layer,  jet, 
and  wake  the  requirement  of  slow  /-variations  in  turbideiice 
properties  will  be  satisfied  at  least  as  well  as  tlu'  |)reviously 
mentioned  restrictions  for  this  Lagrangian  treatment.  'I'he.se 
applications  and  comparison  of  computed  values  of  <j{x)  with 
e.xperimental  results  will  be  presented  further  along,  under 
the  appro])riate  se<‘tion  headings. 


PROPAGATION  VELOCITY  BY  DIMENSIONAL  REASONING 

The  average  velocity  of  propagation  of  the  laminar  siipiu- 
layer  (or  ttirbiilence  front)  relative  to  the  local  fluid  1'*  must 
be  monotonic  with  the  avi'rage  magnitude  of  the  instan¬ 
taneous  (laminar)  shear  stress  in  the  superlayer  ^proportional 

to  M  However,  the  ratio  is  not  a  directly  ineastirablc 

quantity  and  juiist  b(>  replacial  by  something  more  tractable. 
As  has  been  numtiomal  in  the  section  “Laminar  Superlayer,” 
when  there  is  no  mean  slu>ar  stress  must  be  of  the  same 
order  as  the  vorticity  fluctuations  in  the  ttirbuhnit  fluid  near 
the  front.  'Plierefore  F*  should  be  monotonic  in  w'.  Since 
this  is  a  viscotis  jihenoim'iion,  it  mtist  also  deiamd  upon  v. 

In  fact,  the  inference  that  r*  =  l’*(>',  u')  can  be  made  on  a 
much  more  direct  and  stiperficial  level.  Since  the  laminar 
superlayer  is  a  device  for  the  viscous  projiagation  of  vorticity 
flucttiations  into  an  irrotatioual  fluid  (in  the  case  of  zero 
mean  shear),  the  propagation  velocity  mtist  depend  at  least 
on  u  and  on  v.  hhirthermore,  these  alone  are  sufficient  to 
produce  a  parameter  with  the  dimensions  of  velocity. 

The  only  combination  giving  the  appropriate  dimensions 
gives,  by  inspection, 

r*oc^pw'  (35) 

for  zero  mean  shear  stress.*  Of  course,  F*  is  directed  per¬ 
pendicular  to  the  local  tangent  plane  of  the  turbulence  front. 
The  effects  of  nonplanarity  of  the  whole  front  will  be  noted 
later  in  this  section. 

Equation  (35)  would  be  expected  to  apply,  for  example, 
in  the  case  of  the  boundary  between  a  homogeneous  tur¬ 
bulence  and  a  nonturbulent  fluid,  with  f  ’  constant  over  the 
entire  flow  field. 

At  the  free  boundary  of  a  turbulent  shear  flow  it  is  to  be 
e.xpected  that  the  shear  force  vector  of  the  laminar  super- 
layer  will  have  a  mean  value  which  will  also  promote  F*. 

<  It  should  also  l>c  noted  that  the  assumption  that  i2«(where  /?.  has  a  "universal” 

average  value  corresjtondlntr  to  a  lower  critical  RejTiolds  number  coincides  with  the  plausible 
dimensional  hypothesis  that  ca  sviia'. 
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If  (lie  whole  front  were  nearly  flat,  this  mean  value  would 
be  a  funetion  of  y  in  the  superlayer  and  also  ])roportional  to 
the  mean  shear  in  the  turbulent  fluid  just  inside  the  tur- 
bulenee  front, ^  varying  from  equality  on  the  turbulent  edge 
to  zero  on  tlie  free-stream  side.  Sketeli  (b)  inelmles  this 
eoneept  in  a  eoordinate  system  attaehed  to  the  laminar 
superlayer. 

In  this  more  general  ease,  the  physieal  pieture  suggests 
that  I’*  depends  upon  the  average  magnitude  of  the  total 
shear  in  the  siiperlayer:  V'*=r*(iS'-),  where  S(t)=S-\-s(f)  is 
the  shear  foree  vector  on  a  unit  area  on  the  turbulent  edge 
of  the  superlayer.  With  Cartesian  eoordinate  system  Xi.  j/i, 
and  Cl  fixed  in  and  alined  with  the  turbulenee  front  (iji  per- 
peiidieular  to  front),  the  fluetuation  .v  has  oidy  x,-  and 
c, -components.  Tlien,  witli  gross  mean  shear  directed  along 

J-i. 

Dimensional  reasoning  gives 


(■■10) 


If  the  raiulom  slope  of  the  turbulence  front  in  the  x-,  y-, 
and  c-coordinates  is  small  on  the  average,  the  j’l-,  y,-.  and 
Ci-system  can  be  replaced  by  x.  y,  and  -,  and  iSV,  is  propor¬ 
tional  to  the  mean  shear  stress  in  the  turbulence.  Further¬ 
more,  with  local  isotropy  in  the  turbulence,  As  in 

the  simpler  case,  these  are  proportional  to  (w')'-  'rhen 
equation  (:56)  can  be  written 


(:,7, 

where  li  is  a  numerical  constant,  probably  of  order  unity. 
This  reduces  to  equation  (35)  for  a  shear-free  turbulence. 
For  each  particular  type  of  turbulent  shear  flow.  Si  can  be 
taken  proportional  to  some  characteristic  mean  shear  stress. 
-Vo  application  of  equation  (.‘Ifi)  or  (37)  is  made  later  in 
this  report. 

Handling  of  the  propagation  problem  in  terms  of  a  plane 
turbulence  front  implies  that  7  is  much  smaller  than  the 
radii  of  curvature  of  the  front.  'Phe  degree  of  validity  of 
this  assumption  is  not  easy  to  clieck  directly  from  the  sta¬ 
tistics  of  the  turbulent  fluid;  it  requires  fairly  detailed  infor¬ 
mation  on  V{x,t).  However,  the  measurements  on  statisti¬ 
cal  distribution  of  pulse  lengths  comiitg  out  of  the  trigger 
circtiit  (fig.  29).  transformed  by  f from  time  to  length, 
give  indirect  indication  that  the  assumption  is  well  satisfied. 

Conversely,  since  1'*  is  normal  propagation  velocity  of 
the  front  (especially  in  the  case  with  zero  mean  shear), 
propagation  with  constant  I’*  over  the  whole  front  would 
tend  to  introdtice  a  skewness  into  the  probability  density  of 
}',  as  in  sketch  (c).  This  is  the  effect  mentioned  by  Karlovitz 
(ref.  26)  in  accounting  for  the  skew  nature  of  the  flame  front 
as  observed  in  a  turbulent  bunsen  flame. 

The  highly  symmetrieal  shape  of  dy/dy  (indicaterl  by 
linearity  in  fig.  32)  shows  that  this  effect,  if  present,  is 
negligible  in  the  phenomenon  considered  here. 


*  In  fact,  K.  n.  riaus«*r  proposes  a  propaffation  velocity,  for  the  turbulent  boundary  layer, 
dependlne  only  on  the  mean  shear  stress  In  the  turbulence;  V*<xrjps<n'f.  2fi). 


PotenTiol 


Skctcli  ((•). 


This  negligibility  is  an  indication  that  the  radii  of  curva¬ 
ture  of  the  front  are  large  compared  with  the  wave  lengths. 
This  means  that  C*  is  directed  very  nearly  |)erpcndicular  to 
the  )'(x)  surface.  For  two-dimensional  flows  in  which  the 
boundary-layer  approximation  applies,  this  in  turn  is  neaiiy 
parallel  to  tln^  /r-planc,  that  is,  i/Y  <1x^1.  'Phereforc,  within 
a  corresponding  approximation,  the  surface  area  of  the 
turbulence  front  on  a  two-dimensional  flow  is  eqvial  to  its 
projection  on  the  rr-plane,  and  the  average  rate  of  con((Ucst 
of  new  fluid  by  the  turbulent  state  is  I’*,  in  units  of  volume 
per  unit  time  fter  unit  area  of  contact.  A  similar  concept 
holds  for  the  axially  symmetric  flows. 

It  is  obvious  that  a  tiirbident  shear  flow  can  ha\  e  similarity 
only  if  both  a(x)  and  Vix)  are  jtroportional  to  the  boumlary- 
layer  thickness  6(x)  (which,  of  course,  must  be  proportional 
to  any  other  characteristic  thickness  defined  in  terms  of  the 
mean  velocity  prrPle).  .Stated  in  different  btit  related 
terms,  the  average'  rate  of  flow  of  turhtilent  fluid  passitig 
through  aity  constant  j'-plane  must  be  proportional  to  thi' 
rate  of  flow  of  boundary -layer  fluid  pa.ssing  through  the  plane. 


MODEL  OF  LAMINAR  SIIPERLAYER 


Dimensional  reasoning  as  employed  in  the  jireceding  sec¬ 
tion.  and  in  earlier  ones,  gives  at  best  the  functional  forms 
of  the  laminar-superlayer  characteristics  in  terms  of  the 
statistical  propi'rties  of  the  turbulence  with  which  it  is 
associated.  Fully  (piantitative  results  follow  only  through 
deductive  analysis,  that  is,  actual  solution  of  an  approjiriatc' 
boundary-value  jtroblem.  .Since  the  actual  problem  appears 
to  be  too  complex  for  full  solution  at  present,  a  simple 
physicomat hemal ical  model  will  be  used  with  the  expectation 
that  the  results,  after  interpretation  in  terms  of  pertinent 
variables  in  the  actual  problem,  will  give  a  |)ro])er  order-of- 
magnitude  relation  among  these  variables. 

The  model  proposed  is  a  generalization  of  the  .Stoki's  ami 
liayleigh  problem  of  the  infinite  wall  moving  in  its  own 
plane  (ref.  27).  The  fii'st  extension  is  the  addition  of  a 
constant  suction  velocity  r(<^n)  with,  of  course,  wall 
poi-osity.  The  velocity  I'  corresponds  to  propagation  ve¬ 
locity  of  the  turbulence  front.  The.  differential  equations 
are  thus 


elf  d-f 

dt  dy  ”  dif 


(38a) 


dt  dy  "  dy- 


(3Sb) 


Since  the  f '  and  IF  equations  are  independent  they  can  be 
treated  separately.  In  the  absence  of  mean  shear  they  are 
identical,  and  only  one  need  be  considered. 


FHEE-STKEAM  BOI  NDAKIES  t»E  TI  KBI  EEM  FLOWS 


n» 


Sinoo  equations  (:i8)  an'  liiiciir,  llic  vorlicity  coinponeiils 
Z=dl'jd>/  rtiul  S  =  dir/d»/  obi'v  the  saiiu'  equations  as  the 
veloeit  ies ; 


5Z  T-.dZ  d-Z 
dt  dy  dy- 

Cl  9a) 

^  T-di^  d-i 
d)/  dy- 

ClOb) 

equations  are  to  be  solved  with  boundary 

<‘ondi(ions 

Z(i.  X‘)  =  ‘E  (f,  a>)  =  0 

(40a) 

Z(l,  ())  =  /„+  {■„  sin  at 

(40b) 

) 

H  (f.  0)  =  S«  sin  /3f 

(40e 

Since  H  has  only  a  lluetuatinjr  part,  and  since  linearity 
permits  separation  of  tlie  steady  and  fluctuating  parts  of  Z, 
th(>  prohh'in  heconies 


r-  'IZ  il-Z 

I  ~  j-~V 

fly  ily- 

witli  Z(  “  )  =  ()  and  Z(fl)=Z„,  and 


dt^  dy  dy- 


(41) 


(42) 


with  f(f,  a>)=0  and  s'(f,0)  =  fu  sin  at.  'I'liere  is  an  identical 
houndary-value  problem  for  i(t,y>. 

'I'o  get  closer  equivalence  to  tlie  fully  three  dimensional 
problem  a  pundy  mathematical  e.xtension  can  be  made,  cor- 
re.sponding  roughly  to  the  physical  phenomenon  of  contin¬ 
uous  vorticity  fluctuation  productioti  (by  lluid-litie  stndch- 
ing)  at  a  rate  proportional  to  tiiat  already  present.  'I’his 
is  most  simply  done  by  adding  a  linear  term  to  the  {  ecpia- 
tioii,  giving 


dj"  TO  dj'  d'-'f  . 

a7  +  ' 


(4;{) 


witli  a  similar  e.\()ression  for  |.  Here  the  negali\f  root  has 
been  chosen  so  that  e<|uation  (do)  reduces  to  Sioke>'  solo 
tion  for 

From  etpiations  (441  and  (4.o)  it  is  desirable  to  exiraci  an 
e.xpression  for  the  thickness  of  the  disturbed  layer.  \  coii- 
vcnienl  tncasure  of  ihickne.ss  is  simply  the  inverse  of  the 
<'oefficient  of  ~y  in  the  exponentials  of  both  solutions. 


V 


Apidication  of  e((ualions  (4t)j  and  (47)  to  the  laminar- 
superlayi'i-  ju-oblcm  requires  identilication  of  1'.  «.  and  K 
with  measurable  variables  in  the  ttirbuleiit  fluid  tiear  the 
siiperlayer: 

(1)  —Fa:  I’*,  the  propagation  velocity. 

(2)  a —  S',  (he  nvot-niean-squarc  \altie  of  aity  one  of  the 

three  orthogonal  titrbtilenl  vorticity  fluctuation  compo¬ 
nents.  In  other  words.  root-meati-s(|uare  vorticity  may  be 
regarded  its  a  characteristic  frequency  of  turbulence.  For 
large  values  of  A’x.  by  local  isotroi).\. 

with  local  isotropy,  A'a:S'\.')  is  a  measitre  of  the  rtite  of 
fluid-line  stretching. 

Stibstituted  into  equations  (4(>)  and  (47),  these  give 


(4!() 


where  K  is  like  a  constant  average  vortex-litie  stnUching 
rate. 

Xo  correspoiuling  term  is  added  to  e<iuation  (41)  becatise 
the  plane  form  of  the  mean-vorticitv  equation  for  turbulent 
flow  (eq.  (9))  shows  no  term  identifiable  as  iiroduction  of 
mean  vorticitx"  dite  to  random  turbulent  stretching  of 
vorte.x  lines. 

The  solution  of  equation  (41)  is 


A  simpler,  more  approximate  form  for  e_.  is  attained  after 
inspection  of  the  experimental  orders  of  magnititde  of  F* 
ami  S'.  For  exatn])le.  at  the  inner  side  of  the  intermittent 
zone,  in  the  rough-wall  boundary  layer  at  /=l(t2  ini'hes, 
F*  1 .;{ inches  per  second  and  S’  —400  per  secotid.  Tlu'i  efore. 
it  turns  out  that  equation  (40)  can  be  sitnjtlified  by  liberal 
I'lnployment  of  chopped-off  binominal  ('xjtattsiotis.  'I'lu^ 
roughest  (and  simplest)  resitlting  estimate  is 


(7.0) 


■Since  the  laminar  superlayer  can  be  lussumed  to  exist  even 
in  the  absence  of  a  mean  vorticity  field,  it  is  n'asonable  to 
assume  that  the  fluctuating  part  of  the  sttperlayer  model  is 
the  more  pertimmt  niu'.  'Phen  one  may  take  to  be  7,  giving 
the  theoretical  prediction 


(30a) 


as  an  order  of  magnitude.  This  is  consistent  with  the  earlier 
<'onje<‘ture  on  the  constancy  and  order  of  a  po.ssible  Reynolds 
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nuinbor  It  dot's  not  iippear  to  be  susceptible  to 

direct  experimental  verification,  but,  as  mentioned  earlier,  is 
of  the  same  order  as  the  Kolmofroroff  (minimum)  leiifitli 


which  follows  from  etpiation  (oOa)  and  the  relation  hetweeii 
X  and  X.  _ 

\o  estimate  of  1’*  follows  from  equation  (50)  and,  insofar 
as  a  strictly  fluctuating  laminar  superlayer  is  concerned,  the 
tlimensionally  induced  equation  (do)  remains  as  sole  predic¬ 
tion  of  propagation  velocity. 

However,  equation  (48)  for  the  mean  thickness  gives 


I  With  this  representation,  the  loial  signal  expiesscd  m 

j  terms  of  the  other  (piantities  is 

a(t)  ^  A\  — hitr^  A-)  t.")!) 

j  since  (7  =  0  by  definition  and  hui,  »  .1)^  hoj  ’  A',.  Whence. 

I  the  mean-s(piare  value  can  be  written  as 

I  a-  —  h-aT‘~*  -AbUiT~  {fxir>'~-Ayb<iT  '  til-  ->i.l-  (.■i.'n 

I 

'I'lie  objective  is  to  express  (Tp  as  a  futiction  of  m  and  other 
necessary  parameters.  Obviously  this  is  impossible  witliout 
introducing  some  furtlicr  i-est fictions,  especially  on  the 
statistical  relation  between  dj-itl  and  bih.  'rin'iefore, 
assume 


I’*--  (52) 

If  there  is  a  single  layer,  I’*  should  be  the  same  for  hoth  fluc- 
titating  and  average  vorticity.  If  «i  happened  to  be  of  the  j 
same  order  as  ej,  equations  (51)  and  (52)  would  givt>  l'*  = 
d(A*'?0.  hut  there  seems  to  he  insufficient  a  jtriori  basis  to 
make  this  guess  a  formal  part  of  the  analysis. 

INFERENCE  OF  TURBULENCE  PROPERTIES  FROM  INTERMITTENT  SIGNAL 

'Pownsend  (refs.  10  and  28)  has  suggested  that  it  may  he 
possible  to  compute  the  statistiiuTl  properties  of  the  turbu¬ 
lence  inside  the  convex  hulges  of  the  turbulence  front  from  a 
knowledge  of  the  corresponding  statistical  properties  of  the 
full  intermittent  signal  plus  the  intermittency  factory.  His 
hypothesis  is  tliat,  in  effect. 


where  alt)  is  a  random  property  of  the  flow  and  (ir  is  the  same 
proi)erty  but  confined  to  the  turhulcnt  pai^s  of_th^total  sig¬ 
nal.  For  example.  'Pownsend  refers  to  ''  ”  as  ‘•tin* 

mean  turbulent  intensity  within  the  jets"  (ulcntical  to 
bulges  I . 

Actually,  the  applicability  of  c(|uation  (5d)  is  contingent 
iqion  very  definite  restrictions.  For  di.scussion  purpo.scs. 
suppose  that  ait)  is  the  complete  signal  and  bit)  is  the  inter¬ 
mittent  (0  or  1)  signal.  Obviously,  b  =  b----y,  the  inti'ruiit- 
tency  factor.  Also  arif)  is  a  hypothetical  signal  whose  phys¬ 
ical  nature  is  the  same  as  ait)  fnit  ajiplies  to  turbulent  fluid 
only.  If  (It  is  chosen  to  have  a  mean  value*  of  zero,  then  it  i- 
necessary  to  introduc.e  a  constant  (|uantity  .,1  which  is  the 
distance  between  the  zero  line  of  Orit)  and  the  signal  level 
corresponding  to  bit)  at  zero. 

Sketch  (d)  illustrates  the  definitions.  Implicit  in  this  for¬ 
mulation  and  sketch  is  the  restriction  that  a  (oror)  isaphysi- 
cnl  proficrty  which  is  zero  in  the  potential  flow  region. 


(a)  baT  =  ^^  (whence  trar^A),  since  fr  b  | 

_  _  _  _  F  (5(1) 

(b)  b'yiT’  =  b-'>iar‘  =  'ya/  J 

A  sufficient  but  not  necessary  condition  for  lliesc  (wo  is 
that  bit)  and  Uril)  hi*  statistically  independent. 

With  restrictions  (5t)).  (*(piation  (55i  reduces  to 

a-  -  yaT~-~  yt  1  — y  i.F'  i  57  i 

ami  the  turbulenci*  property  aP  can  be  com|)uted  from  the 
corresponding  total-signal  pro|)erty  plus  measurements  of 
y  and  -1. 

For  some  physictil  variables  ail)  it  will  turti  out  that 
A  ()  and  then  eqtiation  (57)  redtices  to  e(iuation  (5:{). 

For  the  (piantity  aP-  to  havi*  atiy  sitn|)le  intcr|)rctat ion  it 
must  of  course  be  assumed  that  the  physical  varitible  it 
rcp/’c.scnts  is  a  homogeneous  ramlom  variable  iti  the  ttirbuleiit 
fluid. 

.Summarizing  the  conditions  nect'ssary  for  ctittation  (5:5! 
to  lead  to  meaningful  rt'sults.  the  following  restrictions  are 
necessarx’ : 

(1)  'Phe  |)hysiciil  variable  mtist  be  zero  in  the  |)otctiiiiil 
flow. 

(2)  'Phe  |)hysical  variable  must  be  homogeneous  in  the 
turbtilent  flow. 

05)  'Phe  |)hysical  variable  (and  itsstptarc)  in  the  ttirbuletil 
flow  must  be  tmcoriclated  with  tin*  location  of  the  front. 

(4)  'Phcrc  must  be  tio  mean  value  in  the  vtiriable  betweeti 
turbtilent  and  |)otcntial  flows  for  the  same  value  of  //. 

'Phe  first  condition  immeiliatcly  elitninatc’s  velocity  fiite- 
i  tuations  from  this  sort  of  treattnent.  'Phis  rctidcrs  itncertaiti 
:  'Pownsend's  ttirbulent  energy  apfilicatiot).  mctitioned  above, 
j  However,  vorticity  flncttiation  and  ttirbulent  shear  eertaitdy 
I  satisfy  it,  as  may  tcm|)crature  or  concentration  Ihtctttatiotis 
:  and  heat  or  mass  transfer,  wheti  thi'se  arc  prcsi'iit. 

'Phe  second  reqttire’iient  is  jirobably  not  satisfied  by  atty 
variables  in  flows  with  trans|)ort,  inchuling,  of  cotirsc.  the 
commoni'st  ('xanqile,  shear  flow.  'Phis  follows  from  the 
fact  that,  even  in  spatial  zones  with  y  1  everywhere,  there 
are  gradients  in  all  of  the  (piantities  which  havi*  bei'ii  meas¬ 
ur'd.  (kmsequently.  the  I'litire  concefit  of  (77-  as  a  function 
of  position  in  a  .shear  flow  must  hi*  semi(piantitativc  at  hest. 

It  seems  uidikely  that  the  third  re(|uirement  issatisfi('d  by 
all  of  the  jihysical  variahh's,  but  for  most  of  them  it  may  hi* 
close  ('iioiigh  that  e(piation  (57)  would  hi*  ap|)roximately 
true. 
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Filiallv,  tlit>  occurrence  of  a  mean  value  lietweeii  i)i>lemial 
ami  turbulent  fluid  must  also  depend  u|)on  the  particular  ' 
phvsical  variable  iitider  eotisideratioti.  It  ceitainlv  docs  , 
Occur  for  lonjiitudinal  velocity  at  the  boundary  of  a  turbulent 
shear  How.  It  certainly  does  not  oeeiir  for  z-coinpoiieiit  ' 
velocitv  iti  a  shear  flow  which  is  t wo-<limet»sional  in  the 
mean  with  gradietits  all  in  the  j-  atid  //-directions.  For 
many  physical  variables  its  oceurrene(“  or  absence  is  not  a 
[)riori  obvious.  In  any  case  it  can  be  handled  by  resortine 
to  etiuation  (~>7).  j 

For  eomple.x  cases,  when  even  etptation  {57)  is  bidieved  to  ; 
t)e  inadetjuate.  possibly  becatise  the  variable  is  not  zero  in  ' 
the  potential  zone,  it  is  still  possible  to  obtain  statistical 
information  oi\  the  sitiinil  structure  within  the  lurbident  ; 
bursts  by  laborioits  com))Utational  procedttre  for  the  oscillo-  | 
irraphic  trace.  j 

A  more  detailed  (juestion  tnay  be  raised  at  this  point  as  to  I 
the  influi'iice  of  ititerniittencv  upon  the  measnnal  pow<'r 
spectrum  of  velocity  fluctuation.  Afraiti  the  answer  is  i 
c{'i'taiti  to  he  simple  if  the  four  eonditiotis  listetl  above  arc  ' 
satisfied.  Iti  that  case,  with  [)rohe  sijrnal  =  the  . 

autocorrelation  fitnctionsof  the  three  variabh's  are  related  by  ! 

where  r  is  time  interval.  'I’he  power  spectra  are  simply  the 
Fourier  cositie  transforms  of  tin-  correlatiotis  atid.  since  the 
tratisform  of  a  product  is  etittal  to  the  cotivolution  integral  ; 
of  the  individual  transforms,  the  three'  power  spee-tra  arc  ■ 
related  by 

F„(ii)=  I  — ;/|>///|  (51H  i 

«/(• 

where  /■’„(">  run  be  measureel  directly  frotn  the  output  of  the 
hot-wire  anetitomete'r;  Fti{it)  =  t\{ii),  tin'  siU'etritm  of  the  ! 
Schmitt  trifiirer  otitpitt  iti  the  intermitteney-measiirinj: 
circuit  (see  fij:.  2Si;  and  Faj.(i()  is  the  spectrum  of  a  hypo-  i 
thetical  homofieni'oiis  turbulence  variable  which  should  {rive  . 
the  nature  of  the  fluctuations  within  the  bul{res  of  the  i 
wrinkled  front. 

E(|uation  (50)  is  a  Fredholm  integral  e(iuation  of  the  first  i 
kind,  readily  solved  in  principle  by  Fourier  integr  al  nrethods 
which  corresponds  in  effect  to  going  back  to  c(i nation  {5,S), 

.Vo  atti'tnpt  has  been  made  to  apply  this  relation  because 
the  e.\[)erimental  results  a[)i)ear  too  uneei-tiiitt  to  merit  such  | 
detrriled  mairipiilatioir.  It  is  hoped,  however,  that  such  a  j 
strrily  can  br-  made  irr  later  shear-Ihrw  research.  j 

i 

APPLICATIONS  TO  PABTICCLAR  TURBULENT  PLOWS  ' 

Application  of  the  foregoing  genertd  concepts  and  theoreti-  I 
cal  |)redictions  on  the  behavior  of  the  trirbuleircc  front  to  j 
partierriar  tirrbirlent  flows  involves  two  exiilicit  aspects: 

(a)  (’oirrparison  of  directly  measured  aU)  and  VU)  with 
measured  values  of  char-acteristic  shear-layer  thicknesses,  for 
exatitple,  9(j-)(cc6*  oc6}  in  the  boundary  layer. 

(b)  Comparison  of  a{x)  and  as  enniputr-il  from 

tireasun'd  turbulence  data,  with  directly  nreastired  values  of 
<r(x)  and  I'fx). 


'I'lie  first  step  is  the  strri  tl\  experritrerrlal  |>roeess  of  ex¬ 
amining  a  irew  aspect  of  the  itegr'ee  of  simriatitx  to  be  found 
in  the  detailed  si rtn  t ttres  of  the  various  iitrbuleirl  shc.ti 
Hows. 

'I’he  .second  has  as  its  (lurprtse  the  irpproxirrrate  ver  rlii  irr  ion 
of  the  rather  cruile  hy|)otheses  leadirrg  to  piedietron  of  the 
turbulence  froirt  behavior-,  that  is,  to  erpratiorrs  such  us  i  if 
and  (55). 

KOeOH-WAI.I.  HOl '.NUAKY  LAYER 

Fitting  the  experiineirtal  ri’sults  oir  bourrdar  \ -lax  ei-  thick¬ 
ness  by  a  simple  power-law  ri'lation  (see  ap|)eirdi\i,  it  inrris 
out  that,  negh'cting  Keynolds  nunrber  elfects, 

5oc6*aSoc(j-— j'„i" '  iCiDi 

numerically. 

5~0.1‘)(.;  - J-,,)"  irr.  "I 

fl*!=0.15(x  — x„l" irr.  x  (tiOai 

0  =  O.()2(i(x-  ./■„)"  in.  J 

The  filtirrgof  ir  power  law  to  a  set  of  poitrls  without  origin 
involves  two  sti'ps;  ( 1 )  An  origin  irtust  be  ehoseti  b\  tr  iirl  and 
error  to  give  the  closest  approximation  to  lirrearitx  on 
logarithmic  graph  jrapi'r.  and  (2)  the  ■'best"  str-rright  line 
must  be  drawn  thi-ough  the  resulting  plot.  This  proeedui-e 
was  also  applii'il  to  tlu'  fitting  of  [)ower-law  approxinial  imis 
to  the  ('xi)etimental  data  on  a{.n  and  )'(xi.  Figure  21 
illustrates  the  degree  to  which  a  power-law  fitting  is  success¬ 
ful.  'Pile  latter  (|uantities  ai-e  then  iriveir  by  this  ■dii-eet" 
measuremetU  as 


<t«(I.()22(x-x„V'  in. 

(t)1 1 

r=().l4(x-x„)’’  '  in. 

((12) 

'Phe  ‘‘best"  common  origin  is  .r„  — 2((  inches. 

Com|)aiisoti  of  e(|uations  (til)  and  (ti2i  with  e(|uation  iritii 
shows  that,  within  the  precision  of  these  experiniental  results, 
the  lurbiih'itce  fi-ont  both  pi-ogi'esses  laterally  and  itiei-eases 
in  a'liplit irdt'  at  the  same  rate  as  the  mean  boundary-layer- 
How  gi-ows.  'Phe  uti(-ei-tainty  range  indir-ati'd  is  a  (-rude 
estimate  of  staiidai-d  deviation,  not  the  maximnni. 

Vciilir-atiott  of  e(|uation  (;i4i  i-erprii-es  knowleilge  of  both 
/■'  f  and  /,,,  (the  tiansvei-sal  laigi-angian  sr-alei  as  functions 
of  X.  On  t  Ire  basis  of  the  r’.  I '  measiii-enteiits  at  (-oi  t-espotidiiig 
|)ositions  ar-i-oss  fhi'  boundary  layer  at  four  dilVereiit  .i- 
stations  (fig.  17),  it  is  assumed  for  tin'  sake  of  this  (-ah-ulat ion 
that  r'ocf,,  as  diim'tisional  rr'asoning  and  Laufei-'s  jripe 
measurements  (ref.  15)  also  indicate.  'Phe  (  \  is  obtained 
from  till'  im'asui-emi'iits  of  0(x):  f «x  " for-  very  lar  ge 
values  of  x. 

Cnfoi-tunately,  tlu'i-e  I'xist  no  im'asui-i'iiients  of  Lagiangian 
scale  in  tiii-biih'nt  slu'ar  Hows.  Ilow-evr'i-,  tlu'  latio  of  lai- 
grangian  to  Kiih'rian  scab'  /,/.  /-  has  Ix'i'ii  measiii-ed  as  a. 
function  of  r'L!v  fot-  isoti'opic  t urbuh'iicr'  (ref.  IS).  'Plii'sr' 
highly  seatterc'd  im'asiii-r'im'nls  show-  /./,  /,  to  In'  a  slowly 
decreasing  function  of  r'ljv.  In  orih'i-  to  I'stimatr'  /-,.(./-) 
for  substitution  into  ('quation  (5-1)  it  is  assunu'd  that  this 
variation  holds  roughly  for  shear  flow.  Furthi'r,  tlu'rr'  is 
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i;oo(l  ('vidt'iict'  I  lull  for  u  jiivcti  slicin'  How  the  Kulcriiiii  sculc 
is  proport ioniil  to  tlie  cluiract eristic  wiiltli  of  llie  sheur  zone;  : 
that  is,  in  tliis  ease,  Aoc3  atid  the  constant  of  pro|)ortion-  ' 
ality  is  taken  from  the  smooth-wall  bomularv  layer  of  , 
,S<'hitbani‘r  atid  Klehanolf  (fef,  4)  at  astatioti  where  (//'  dr  ((. 
'Pheir  data  frive  A  =  l).175. 

With  this  estimate  of  I.  i,  r' L  v  in  the  jiresent  honndary  ; 
layer  froes  from  about  .'500  to  .700  in  the  prinei|>al  test  area: 

2t)  itiehesv, 1 10  inches.  Rut  over  this  raiifre  of  r'Lv.  \ 
tii'iire  :!4  of  referi'liee  l.S  indicates  (by  extrapolation)  little  ; 
ehaniri’  in  /..  'Pherefore.  for  purposes  of  the  present  i 
roitfrh  estimate,  it  is  assitmed  that  l.,_ccf.cc6.  With  : 
occ/'"'  (e(|.  (00)1  and  c' oc  /  V  oc r  " the  resulting  ! 

tlu'oretieal  prediction  (e(|.  (;54)l  is 

o-ir  I  oc  (r— r„)"  '  (i>;5i 

which  airirt's  with  the  directly  measitred  exponent  (e<|.  (01)1  | 

perhaps  betti'r  that!  tlu'  aeenraey  of  either  tneasiirement  or  | 
theoretical  approxitnation. 

\'eriPieation  of  equation  05.7)  re((iiires  itifortnat ion  only  on 
t'lri  at  eorresponditiir  //-positions  iti  the  boittidary  layer.  | 
Sittee  this  information  is  not  yet  directly  available,  one  | 

assumes  the  isotropic  relatioti  {'  =  \7  where  r'U)  has  beeti  ' 

measured  and  X(/)  eati  be  itiferred  by  nsini;  the  well-known 

isotropic  estimate"  y  , ^  )  a.ssuminji:  /,~0.176  as 

before,  rsiiifr  the  t'xperimental  vahte  of  iir)  fetp  (00a) ). 
this  ealeiilation  >:ives 

i04)  ' 


Knr_eotnparisoti_with  exptn'inient  this  is  tiext  translated 
itito  J’lri.  .Since  I'*  is  propajration  velocity  relativi*  to  the 
lltiid.  otic  eatt  write  the  ap()roxititate  relatioti 


(/y'_^  I'* 

“  nT) 


(07) 


which  shotd^l  hold  for  atiy  reasottably  Hat  tui'biilenee  front. 
'Phe  term  I'  is  the  mean  Hitid  veloeit\  it)  the  //-direct iott. 
Eqitatioti  (07)  is  approximate  because  (al  in  some  Hows  tlie 
front  is  not  very  Hat  atid  (b)  at  //  )'  the  nieati  velocity  of 

the  tnrbnletit  Hiliil  is  somewhat  less  than  that  of  the  non- 
f  iirbilleiil  fluid  (i.  e..  /  '„  ). 

For  the  boimdarv  layer,  it  is  well  ktiowti  that 


(li*  ’id) 
ilf  p 


(00) 


wliieh  is  easily  shown  from  the  definition  of  S*U). 


1 

I 

1 

i 


.since  experiments  show  that  ('()')- I '(6)  -  one  enn 

infer  PO')  V(6),  so  that,  for  the  botmdary  layer,  e(|nntion 
(07)  {rives 

<iV  V*  ,  ,16* 

dx  , /x 


Since  e<iuat  ion  lODa)  eives  ihe  expeii  m.'iii  al  re~iill 
d6* 

=  I  ).l),S !  ,;  j  ‘  1 1 S 

(If 

it  is  eleai'  that  the  powei-law  approximal  ion  to  )'j  will 
lie  between  0.7l)  <  if  the  l'*-terni  doniiiiales  in  ei|  !i>7 
and  0.02  (if  the  6*-term  dominates).  In  fael,  if  the  propi  r- 
tionality  constant  of  e(|iiatioii  i:!7,  is  delermined  from  ihr 
data  III  f  102  inehes. 

V  *  ~  0,7^  i-s'  1,1 1 

If  this  is  used  with  e()uations  i07'  and  (O.s  to  predu  i 

)’ix)  »  (1. 1  SI/  i"  ' '  7ii 

the  a>rreemetit  with  the  direelly  nieasiireil  result.  e(|uaiiou 
(02).  is  {rood. 

It  should  be  remarked  {laretithel ieally  that,  allhoii'rh  ade- 
tpiate  ineasiiretiients  of  ytf.i/)  are  still  not  available  on  the 
smooth-wall  turbulent  bo.mdary  liiM  r.  an  indireel  veriliea- 
tion  of  e(|iialions  (154)  and  (;57i  follows  from  approximale 
a{rreement  between  the  experimental  lor  aiialv  liealiv  in¬ 
ferred)  Sir)  and  the  preOieled  ffi.n  and  )'i/i,  ii'iny  rea'on- 
in{r  like  that  presented  in  detail  for  the  rou{rh-wall  ease 

TWO-nl.VlKN.SIOS  At.  »  AKK 

'Pile  measurements  of 'Powiiseiid  iref.  10)  in  the  plane  wak< 
far  behind  a  eireiiliir  rod  provide  another  ease  in  which 
e(iitations  i;)4i  atid  i:57)  can  be  cheeked  iiirainsi  experiment. 

From  eonserval ioi.  of  momentum  and  the  assiimplion  of 
sitnilarity.  ditneiisional  reasoninjr  yields  ihe  experimeiitalh 
vt'i-ified  predielioiis  that  far  hehind  the  ohstaele  a  turhiilenl 
wake  spreads  paiabolieally  (6oc/'-'i  and  that  the  ehar- 
aeteristie  tneilti  velocity  defeel  decreases  parabolieall  \ 
((/  .,  /  .,)  CsX” ' -')  ifef.  dOi.  'Phis  means  that  the  pliine 

wake  is  a  constant  Keyiiolds  niimher  shear  How  and  ilu  re- 
fore  siirtiilieantly  sinijiler  than,  for  example,  the  hoiitidari 
layer. 

Far  behitid  the  w ake-produein{r  obstacle,  where  the  fully 
develo|)ed  wake  is  litially  reached,  the  dill'eretiee  between 
minimum  and  maximum  veloeitv  is  so  small  that  e(|ua- 
tion  (071  eati  be  approxitnated  bv 

df  T* 

.  (7  11 

i/j-  ( 

.since  there  are  only  two  points  in  the  fully  developed 
x-ran{;e.  it  has  not  beeti  [lossible  to  detertnitie  etii])irieal 
powi-r  laws  for  6.  and  a.  'Phe  jiertitietit  ex|)eritiient al 
result  is  simply  that  within  the  experimetital  tiileertaitity 
the  points  iti  the  ftilly  develo()ed  ran{re  are  eotisisteiit  with 
parabolic  {'rowtli  for  all  three  len{rths. 

\eriPteation  of  er|uatiott  (154)  a{;aiti  re<(uires  data  oti  .  U) 

and  /,i(x).  As  can  be  atitieipated  for  a  constant  Reynolds 
ntiniber  How.  the  root-m(>an-s({tiare  ttirbulent  velocities  are 
proportional  to  the  eliaraeteristie  mean  velocity  (ineati 
velocity  differimee  in  tin'  wake)  so  that  r'ocx“''u  Iti  this 
asynijitotie  state,  the  mi'iiti  velocity  differences  are  all 


•  The  (■(mstiitit  of  projHjrf  ijjnsilif  y  is  obtiiiiUMl  <>nii)iru';ill.v  fruni  rrfrmni' 
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small  ''<sCl  so  dial  /  (’oiislaiil  ~  .  Km  ilicr-  I 

moi'f,  i-oiistanl  Ki'viioltls  iiuinhiM-  iinplii's  l.aoiaii^ian  sralc 
|)ro|)oi  lioiml  to  Eiilci  iaii  scale  ( /.^Ij-)  a/.l.!")),  ami  with  the 
■general  assimiptioti  of  /.<x5  it  follows  that  oc/' E(|iia- 
tioii  i:i4i  then  irives  as  jireiliei ion  foi'  the  variation  in  wrinkh-  i 
aniplilnile  of  the  t nrhtileiiee  front  j 

I 

(Tin  ocr'  -  (72>  ; 

in  afrreeinent  with  the  clireetly  ineasurial  result,  in  the  siiiii-  | 
larily  darjre  jc)  zone.  i 

For  the  eoinparison  of  eipiation  dto)  with  e.\|)eriinent .  no  ! 
(lata  on  are  available.  As  in  the  honndary  layer,  it  will 
therefore  tx'  assumed  that  ccr'  Sinet'  r' acr  '  •  and 
Xaj'  (‘((nation  Eiol  (trediels  ■ 


whence 


I  ’*  OCJ-' 
)'  ccj-' 


1 7;i  I 
(74i 


aoain  in  a>rreeni(“nl  with  tin-  diia'ctly  measured  result. 


HOl'Ml  JET 

Since  fairly  detailed  tiiriuilenee  data  were  already  avail- 
aide  for  the  ease  of  the  round  turbulent  jet  trefs.  2  and  .51) 
ent(‘rino  Iluid  at  rest,  intermittetiey  surveys  ytr./  i  have  heen  ; 
made  diirinir  the  course  of  this  investigation  to  provide  ■ 
further  ex|)eriniental  cheek  on  the  |)ro|)osed  physical  picture  | 
of  the  turhulenee  front.  I 

Krotn  conservation  of  tnotnetittim  atid  the  assumption  of 
similarity  diniensioiial  n  asoning  yields  the  e.\|)eninentally 
verified  |)r(>dietions  that  far  frotn  its  source  the  roiitid  tiirhii-  i 
lent  jet  spreads  linearly  (/'i  -oc/,  and  that  the  eharaeteristie  I 
mean  velocity  decreases  hy|)erholically  {(  (ref.  dtt).  I 

'rims,  the  round  jet  is  another  constant  Keynolds  niimher  ' 
(low  and  therefore  relatively  sim|)le.  \ 

'rite  new  measurements  made  in  the  course  of  this  study  | 
dig.  24)  give  as  |)ower-law  a|>|)ro.\imat ions  with  the  •'hcst"  j 
comn’on  origin. 


/•,  ,a| 

,  J.  .1 

(7-'>)  i 

77«( 

J.  .M,  SS  t'l, tl.'> 

:/-d 

(7t>) 

(r!X^ 

J,  1  1  11  'l.'j 

(77)  1 

which  may  all  he  taken  as  linear  within  the  experimental 
uncertainly. 

I'revioiis  measurcimmts  have  shown  r'/f  to  he  constant 
and  independent  of  r  at  eorr('S[jon(ling  radicid  |)ositions  in 
the  jet.  Furthermore,  tin*  constancy  of  Keynolds  niimhcr 
again  permits  the  inference  that  With  the  assump¬ 

tion  that  f.ccr,,,.  erpiation  (44)  predicts 

(T(X(/— j-„)  (7.S) 

in  rca.sonahle  agreement  with  e(|uation  (77). 


2;i 

For  the  r’'tJ)  e\idualion  it  i- again  as-.unie(l  that  i'oee' 
\\ith  /■' oc  t  J' -  ‘  and  Xoa  I.  ocr,  .  xi  j  -  .r„i  e((ualioii  oi-V' 

giv(‘s 

V’*  '  ‘7'.ti 

and  the  comjjari.son  uilh  c.v|)erinieiil  can  he  made  h\  using 
(■((uation  l7i))  to  (tredict  li’iri.  merely  re|)laeing  )'  hy  //  in 
(■((nation  tlioi.  Instead  of  attein()ting  a  detailed  ()ro()er  cal¬ 
culation  onl\'  a  iiuigh  eslitnale  was  made  hy  as-iiming 

oc  /  i.c./i'iocf  iJ.lti 

'I’lien  the  (U’cdiction  is 

oci.r  -  J',,i  '  sn 

in  rcasoiiahlc  agreement  with  e((uation  !7iii.  In  fai  l.  a  he- 
lief  in  full  similarity  for  constant  Reynolds  niimhei  -heai 
lions  suggests  that  (‘((iialio  i  iSDi  ma^'  he  more  nearly  (  on eel 
than  (-((nation  (711). 

INTER.MITTEXCV  .\M)  VIK.\SI  KEII  MEAN  (II  ASTITIKS 

As  (loinled  out  (‘arlier  in  the  section  on  "Infereinc  of 
'riirhulencc  l*id()ertics  From  Intermittent  Signal.  "  iheic 
.sc(‘!:;s  to  he  onl\’  a  rcsiricicd  likelihood  of  cxiraeling  Irom 
the  measured  statistical  ehc’  aclerisi  ics  of  the  intermit  leiii 
signal  res()eciahle  ((uanliiative  results  on  the  statistical 
|iro|)crties  of  the  lurhiilcnl  Ilou  in  the  convex  hiilgcs  of  the 
turhulent  front.  Prohahly  the  broadest  ohslaclc  to  sim|)l(‘ 
(ihysical  intcr[)retation  of  results  coinimted  fyotn  c((ualion 
(.■).{)  or  to?)  is  the  lack  of  homogeneity  within  a  fully  lurhu- 
lent  zone  su()])oriing  iransf(*r. 

\(‘vcrtheless,  it  seems  worth  while  to  (iresen; ,  for  some 
fluctuating  variables  wliieli  aia-  zero  in  the  (loteniial  fluid 
(i.  e.,  satisfy  the  lirst  re((uirement ).  the  results  of  a()|)lyiiig 
these  two  ()[)erators, 

•No  detaih'd  ((uantitative  info!  inalion  has  yet  heeit  obtained 
on  the  mean-value  jum]>  for  any  (ihysical  variable.  .\  rough 
check  from  ii{l)  oscillograms  in  the  rough-wall  boundary 
layer  where  7~0.4  indicated  that  the  jum(>  in  longitudinal 
v(‘locity  was  about  .7  to  10  [)ere(‘nt  of  l  \  . 

rnfortunately.  this  still  does  not  (lermit  caleiilalioii  of  a,  ' 
hccause  all  velocity  lluetiiations  violate  the  lirst  condition; 
that  is.  they  are  nonzero  in  the  [lotential  How. 

F'or  $-vorticity,  which  does  satisfy  this  lirst  condition,  no 
mean-value  jum()  is  ohservahh'  on  the  oscillograms,  'I'his  is 
not  surprising  since  this  j-com[ionent  has  no  eorres()(in(hng 
nii'un  vorticity  in  this  How  field.  It  may  he  antiei()ale(l 
that  the  :-com()onent  j:  will  he  found  to  have  a  jum().  if  and 
when  it  is  measured,  A  (ilot  of  =  7  is  given  in  figure  40. 

To  insure  //-coordinati'  consistency,  this  [larticiilar  il//)  has 
been  measured  with  the  vorticity  meter  as  sensing  element. 
It  does  not  differ  ap[)reeiahly  from  -yli/!  as  (l(>termine(l  from 
the  dilferentiated  signal  of  a  a-meter. 

In  the  outer  (lart  of  the  intermittent  zom-  ■>  turns  out 
to  he  roughly  constant,  leading  to  the  (lossihle  conclusion 
Ihiit  (-  is  ri'lalively  homogeneous  in  the  turhulent  fluid. 

The  Keynolds  shear  stress  pTir  has  heen  inferred  to  he 
zero  in  the  (lotential  Held  outside  a  turhulenee  front.  There- 
fon'.  it  may  also  he  interesting  to  ('slimate  puri'r- 
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Kn.i  HK  I )i'.|  riluii iiHi  of  tJH*nn->t|u:in*  vorticify  Httci uat ion  1 

l>v  immuilU'iicv  in  ht)un(iary  layrr  at  x  l<>2  incln‘s. 


I'sinj;  a  n'prt^sciitatioii  lik(‘  oqualion  (“>4(  ft»i*  «(/!  aiul  r(f) 
scparati'ly  and  assuming  (a)  no  mean  jump  in  r(/).  (I>i 
I'rh  and  (ci  h-iiri'T  h-Uri'r-  il  follows  tliai 

n  T-r  y  -  -  (■''  I ) 

7 


'Pownsond  (n'f.  2Si 


has  jilottcd  !//•  7 


dr 

^.v 


versus  //  without 


attempting  a  justification. 

Figure  dl  shows  the  result  of  applying  e((uation  (Sli  to 
the  measuri'd  Reynolds  slu'ar  stress  in  the  rough-wall 
houndary  layer  and  in  'I'ownsend's  plane  wake  (ref.  Kh. 
The  noneonstaney  of  177  y  can  itrohahly  he  attrihuted  largely 
to  nonhomogeneity  within  the  turhulent  lit'ld. 

In  eoneludittg  this  section  it  may  he  remarked  that,  if  an 
e.xistitig  nonhomogeneity  for  atiy  variable  in  tiu'  turhulent 
part  of  the  field  depends  only  upon  distance  in  from  the  front, 
a  first -order  estimate  of  its  effect  can  he  made  hy  computing 
the  average  value  generated  at  a  fi.xed  point  hy  random 
motion  of  a  "fixed"  pattern  like  that  in  sketch  (e). 


statistical  description  of  turbulence  front 

'Pile  position  of  the  turhuhmee  front  )’(/./)  is  a  random 
variahle  stationary  in  time  and  nonstationary  in  r.  The 
purpose  of  this  section  is  to  report  .some  further  measure¬ 
ments  which  have  Ix'cn  made  on  its  statistical  properties, 
espt'cially  those  of  )'(()  for  a  fi.xed  value  of  x.  Earlier 


l.'O  Biiiniilery  lMy<'i’  :il  /  -  IU2  incliis. 


(1)1  Plain'  uaki'  at  j  -  KUO  ini'lies,  (I)ala  friiin  ref.  lU.  i 

;  I■’||.CK^:  21  I )isl riliiil ions  of  lieyiiolils  slu'ar  slfi-'  iliviilcd  by  intoi-- 

i  inillciH'y. 

sections  have  (‘inphasi/.ed  its  statisticid  variation  with  .r. 
particularly  through  )’(j')  tind  the  stamhird  deviation  aix). 

it  is  of  course  |)ossihlc  for  )’  to  he  a  multiple-valued  func¬ 
tion  (se<‘.  e.  g..  fig.  I  I.  hut  in  most  flows  the  occurrence  of 
ir.ultiple  values  appears  to  he  sufficiently  rare  that  ii  discus¬ 
sion  |>redicated  upon  a  single-valued  )'  is  tipplictihle  with 
good  accuracy.  'Phis  is  es])ecially  true  for  the  houndary 
layer,  where  turhuleiice  levels  tend  to  he  a|)preciahly  lower 
than,  for  example,  in  jets  entering  a  still  medium.  'Phis 
conceptual  r('striction  to  single-valued  )’,  exercised  through- 
i  out  the  reitort,  will  he  justified  empirically  for  the  houndary 
I  layer  tty  showing  that  the  average  wave  length  is  coiisidi'rahly 
i  greater  than  the  average  wrinkle  amplitude. 

As  a  stationary  random  function  )’(/!  is  svisceptihle  of 
i  (piantitative  statistical  description  in  various  ways,  not  all 
j  iiidept'iident.  Perhaps  th(>  two  most  comnu)n  mutually 
I  independent  functional  r('presentations  for  such  variahles 
are  the  autocorrelation  function  (or  its  P'ourier  transform, 
the  power  s|iectrum)  and  the  prohahility  density  (or  its 
Fourier  transform,  the  characteristic  function).  Fsually 
the  lowt'r  ordt'r  moments  of  the  density  and  spectral  func¬ 
tions.  which  have  simple  physical  interpretations,  are  the 
most  easily  nu'asured  statistical  properties. 


KREK-S'l  UEA.VI  B«)rM).\HlES  OK  Tl  HBl  l.E.M  Kl.OWS 


'I'lu'  prohlt'iu  of  acqtiii'inf;  dotiiili'd  statistical  inforiBation 
i)B  )'{f)  is  novel  in  the  sense  that  nowhere  in  the  experiment 
is  there  a  si^ial  which  is  simply  proportional  to  the  stationary 
variable  under  stu<ly.  'I'herefore,  the  eonvt'iitional  statistical 
functions  (above)  are  not  readily  nieasurahle  by  standard 
technicpies.  It  is  fortuitous  that  the  dissimilar  character  of 
the  fields  on  opposite  sides  of  )’(f)  •lives  such  a  convenient 
method  of  measurinfi  probability  density.  However,  the 
autocorrelation  or  power  spectrum  apparently  cannot  be 
directly  measured,  and  therefore  other  direct  statistical  data 
have  been  sought,  in  ])articular,  the  probability  density  of 
"pulse  lengths,’’  actually  the  statistical  measure  of  the  times 
between  successive  occurences  of  any  particular  value  of  the 
l)rimary  variable  }’(/!. 

A  challengitig  probh'in  in  th(>  theory  of  stochastic  processes 
is  that  of  relating  (if  possible)  these  densities  to  the  more  con¬ 
ventional  statistical  measures.  I’p  to  the  preseitt  time,  only 
a  few  fringe  results  seem  to  have  been  obtained  by  workers 
in  the  field:  these  will  he  mentioned  in  appro|)riate  context, 

PROBABILITY  DENSITY  OE  1(0 

As  has  been  pointed  out  in  the  "Introduction”  (e<|.  (1)), 
the  intermittency  factor  y(i/)  is  simply  the  distribution 
function  of  I'lf)  and.  therefore,  dy  d>/  is  its  probability 
density. 

Calculation  of  dy  dy  shows  that,  except  in  the  two  tails  of 
the  function,  it  is  remarkably  symmetrical.  Furthermore, 
the  physical  picture  given  here  of  front  wrinkling  as  pri¬ 
marily  a  (Lagrangian)  turbulent  diffusion  phenomenon  then 
sugg(‘sts  a  check  to  see  how  muirly  dy  dy  approximates  a 
flaussian  function,  since  studies  of  scalar  diffusion  in  iso¬ 
tropic  turbulence  have  shown  a  closely  Gaussian  density. 
Figure'  ;f2  shows  this  check.  It  includes  typical  jdots  on 


Fiocre  :i2, — Typical  intermittency  distributions  for  leoundary  layer, 
jet,  and  wake  plotted  on  tlaiissian  probability  scali’. 


!  Gaiissiati  paper  of  y{y>  for  the  boundary  layer  and  foi  'Pown- 
seml’s  wake,  as  well  as  7(/  i  for  the  round  jet  ('learl\  all 
three'  elistribiitiotis  are'  (iatissian  within  the  cxpcrinicntiil 
pre'cision  I'xe'e'pt  in  the'  tail  regions. 

Deviations  freem  symnie'try  must,  of  course,  oce  ui  eel  the 
tails  sine'e'  the  bounehiry  e'omlilions  on  tlic  two  sides  arc 
vastly  diU'e'fe'nt. 

Sine'e  the  ne'iirly  (iaussiati  charae'ti'r  of  dispersion  m  iso- 
tropie'  titrbuli'ne'e'  is  still  ettie'xplaitie'el  t lie'ore't ictill y,  it  is  not 
te)  be  e'Xpce'te'el  that  this  miie'h  tiiore'  e-otnph'x  plu'nonic'non 
e'an  be  clarifie'el  at  pre'se'nl.  Also,  it  euust  be'  ('inphasi/i'd  that 
even  in  the  fetrmer  I'tise'  it  is  tiot  tte'e'e'ssarily  trtte  that  tlu' 
I  |)re>bability  ele'iisities  art'  jtrt'e'isi'ly  ( iattssiatt :  the'  citrrcnt  coti- 
I  e'lusitin  is  tmly  that  a  Gattssian  e'tirvt'  fits  tltt'  elata  els  close'ly 
I  as  prt'sent  t'xpe'timental  tei'hnieiue's  |)rodtt<'i'  ehiia.  Wtv 
!  like'ly  it  is  the'  ih'viations  (howi've'r  s'lialli  whiclt.  u  lii'et 
i  nie'asurt'el,  will  shi'tl  more'  light  tipoti  tlic  ci'tttral  propi'i  ty  of 
i  turbuh'ni'e',  the'  nemlint'iirity , 

1  Hate'ht'lor  (ref.  .’hi)  has  pointt'il  oitt  that  the'  (iteitssiati  dis- 
I  persietn  |)attt'rn  obst'fvt'el  at  very  large'  elistitnci's  dowttst re'aen 
j  from  a  e'ontamitiant  sotiri't'  in  a  tite  btih'iit  flow  ntay  he'  siutpiv 
j  a  e'onsee|tit'ni't'  eif  the'  e't'ntral  litnit  ihe'eue'tn.'  sini  e'  the'  re'laiive' 
positiem  eif  a  fltiiel  partie'h'  a  leiiig  time'  etfte'f  taggieig  ittay  lie 
,  rt'garde'el  as  the'  sum  (time'  inti'gi'eil)  of  n  large'  number  of 
small  displai't'ini'nts,  whie'h  art'  at  least  etnceirre'hiti'il  for  nteai- 
e'l'att'  intt'i'vals  if  not  exae'tly  statistii'iilly  iieele|)e'iede'eet .  In 
j  fae't,  if  this  rcaseining  eleii's  apply,  it  is  ileuibly  e'lfe'e'ti\ i': 

I  Partie'le  elis|)lae'e'ent'nt ,  the  pritti'ipal  variable',  is  itse'lf  the' 
:  inft'gral  eif  partie'h'  ve'lea'ity,  st>  that  the'  loteg-titnt'  ilisplace- 
I  ment  is  the  stttn  e>f  a  e'eiliee'tion  eif  stttits, 

Apjtart'ntly,  the'  I'l'tilral  litnit  the'tue'in  has  not  ht't'n  e'X- 
tt'ndt'el  tee  intt'gralsof  e'ontintieiits  randotn  variable's,  but  sontt' 
pertint'iit  weak  has  bt'i'ti  tleuii'  by  Kae'  anil  Sie'gi'tt  (I't'f.  .'i.ii, 
who  showe'il  matht'inatie'ally  that  [tassagi'  of  a  partie'itlar 
I  skew  (probat)ility  eh'iisity)  ratiilotn  signal  tht'ough  a  low-pass 
I  tilti'r  ri'iltii't's  ihe'  ski'wtie'ss.  This  pri'ilie  tion  has  hi't'ii  t'xpt'fi- 
mentally  vu  itii'tl  by  .last  ram  (re'f.  :U)  anil  by  Iribi'  (l  e'f.  d.oi 
A  low-pass  tilli'f  is.  of  e'oitrst',  i|ualitative'ly  t'liuivah'nt  to 
j  inti'gration. 

I 

PROBABILITY  DENSITY  OK  PCLSE  LENIiTHS 

j  Experimental  results.  From  a  skete'h  of  I’lf)  as  :i  stei- 
'  lionary  random  variable,  it  is  I'lisily  se'i'ii  that  the'  inti'rmit- 
!  tent  signal  from  a  fixe'il  probe  iirovieli's  a  iliree't  nii'ans  eif 
!  mi'asuring  the'  statistii'al  ilistribiition  eif  the'  time  inie'ivals 
I  betwi'i'li  suce'i'ssive'  oi'i'tirri'lie'i's  of  any  particular  value'  eif 


! 
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From  tilt'  fluid-meclianical  point  of  view  tliis  };ivos  a  convon- 
icnt  inoasuro  of  the  wave  leiijitlis  of  the  mountains  and  valloys 
in  the  turbnlonoe  front.  Tlio  laminar  supcrlayiM-  is  thin 
i‘non{;li  to  he  considered  a  discontinuity  in  all  of  this  analysis. 

If  Ti  is  the  duration  of  the  prohe  in  a  turhulent  zone  and 
T>.  the  duration  in  a  nonturhulent  zone,  figure  29  {jives  the 
prohahility  densities  /)|(7’il  and  p>(T,)  at  three  dilferent 
values  of  transvers.i  position,  that  is,  three  different  values 
of  the  interinittency  factor. 

By  definition  (of  prohahility  density),  the  curves  in  fi{;ure 
29  are  normalized  to  unit  area.  A  check  on  their  accuracy 
is  {jiven  hy  the  more  or  less  obvious  condition 


where  l\pAT,)<n\  and  7’,=  f"  7’.p,(r.)./7’,. 

Ja  Ji) 

'I'he  terms  Ti  and  7’..  are  average  pulse  durations  in  units 
of  time  and  are  functions  of // or,  alternatively,  of  Y  since ')'(;/) 
is  inonotonic. 

The  computations  from  fijjure  29  {jive  (for  im-hes): 


T  — 

iJim-Uy  T],  soc 

nu  asnn«l 

T<.  sec 

■>  — 
fniu  Ti 
Uiul  T: 

h.  in. 

h,  in. 

H.  72 

0.  T.'l 

6,6155 

0.  OIK'ill 

0.  72 

7  0 

2.  7 

<1,  V7 

0.  56 

0.6106 

(1.  0OK2 

0.  :.6 

4  K 

7 

0.  lA 

0,25  (1 

0.  ;14 

;t.  1 

where  /| 

=  r.f,  and/,  =  r. 

T,  are 

approximate  measures  of 

the  spatial  extension  of  the  average  intervals  in  this  /  vi<“inity. 
This  interpretation  of  the  /'s  as  average  intercept  lengths  for 
the  random  variable  }'(/)  gets  increasingly  accurate  as  the 
velocity  flucttiation  level  decreases.  This  tinu'-space  trans¬ 
formation  is,  in  fact,  identical  with  that  first  proposed  by 
'I'aylor  for  an  isotropic  turbulence  (ref.  .{(i)  and  discussed  in 
more  detail  by  others  (refs.  27  and  18). 

A  comparLson  between  (/i  */;)  for  7=0. .59  and  the  stan¬ 
dard  deviation  <r  of  )’i(/)  at  the  same  /-station  gives  a  rough 
measure  of  the  flatness  of  the  wrinkled  turbtd(‘n<-e  front. 
For  this  particidar  station  in  the  bouiularv  layer, 

,“‘".-0.12  (8.2) 

<  1  ^  j 

which  indicates  a  rather  fiat  front,  as  assumed  in  the  earlier 
theoretical  discussion  on  the  propagation  of  the  laminar 
sui)erlayer. 

Inspection  of  figure  29  shows  the  following  traits  of  the 
data: 

(a)  'I'he  points  are  rather  scattered. 

(b)  For  y  O.oO,  pi  and  p<  show  an  appre<-iable  difference. 

(c)  'I'he  7  0.2,5  and  y  0.75  cases,  which  might  be  e.\- 
pected  to  have  identical  curves  with  reversed  labels,  show 
this  character  (pialitatively,  though  not  accurately. 

Properties  (b)  and  (c)  can  apparently  be  attributed  chiefly 
to  the  shortness  of  oscillographic  samples;'  therefore,  the 

*  .\fH7iit  .'f  .spt-oiid.s.  ils  c^^niparod  with  tht*  2  niiiiuios  iisrtl  in  thp  "v's  «nrt*clly. 


curves  in  figure  29  have  been  labehsl  with  tlie  ->s  act  mill  v 
given  by  these  short  samples,  and  the  apparent  discrepancies 
(b)  and  (c)  are  qualitatively  e.xplained.  In  olhi'r  words,  a 
short  sample  with  actual  y  y,  drawn  from  an  infinite  record 
with  y  7,  cun  be  expecti'd  to  show  other  statistical  proper¬ 
ties  resembling  those  of  an  infinite  record  with  y  -y,. 

'I'wo  other  sources  of  uncertainty  in  the  data  of  figure  29 
are  (1)  the  natural  uncertainty  of  nieasuretnent  in  the 
presence  of  noise,  even  with  perfect  equipment,  and  l2i  im¬ 
perfections  in  measuring  equipment  and  techniques. 

The  first  of  these  difficulties  affects  all  intermittenev  meas¬ 
urements  and  is  basically  insurmountable.  Of  course,  the 
noise  level  could  be  reduced  somewhat  and.  under  sini|)lifving 
statistical  assumptions  on  both  noise  and  signal,  some  esti¬ 
mate  of  the  effect  could  be  made. 

'Pile  second  difficulty  proliably  affi'cts  pi  and  /o  measure¬ 
ments  more  serioitsly  than  direct  y  measurements.  For  e.\- 
ample,  suppose  that  the  measuring  process  misses  a  sizable 
number  of  the  shortest  turbulent  bursts.  'Phis  fault  will 
scarci'ly  affect  the  directly  nnaisiired  y  since  these  contain 
only  a  small  part  of  the  total  number  of  pulses  to  be  counted 
(except  for  y-Cl).  On  the  other  hand,  this  fault  will  tiot 
oidy  change  the  character  of  p,i '/',)  for  small  values  of  7’,  hut 
also  will  change  the  lev(‘l  of  /»,( '/',)  for  large  values  of  7'..  since 
the  very  short  turbtihmt  btirsts  subdivide  long  potential 
bursts  into  shorter  ones.  Hence,  this  fault  will  seriously 
affect  Ti  and,  tluu't'fori'.  y  as  computed  from  'T,  and  7V 
Fret’isely  this  fault  is  ob.servable  on  the  oscillographic  traces. 

Other  defects  sitnilarly  observt'd  are  the  (relatively  in- 
fretjuent)  missing  of  short  potetitial  bursts  and  the  occasional 
overhang  of  the  triggt-r  signal  beyond  the  duration  of  a  tur¬ 
bulent  btirst.  'Phe  last  of  these  faults  afft'cts  the  direct  y 
measurement  as  well. 

An  obviotis  way  around  some  of  these  difficulties  is  the 

din“ct  use  of  ^(t)  <>f^^  (f)  oscillograms  to  compute  p,  and  p. . 

'Po  some  extent  this  was  done,  and  the  extreme  tediousness 
of  this  method  is  exactly  why  the  sarnitles  [trocessed  are  so 
short. 

'Phis  inadequate  sample  length  (fault  (2))  most  sei’iously 
afba-ts  the  results  in  the  large  7',  and  7’j  ranges.  'I'he  relative 
seriousness  of  this  limitation  for  long  versus  short  pulses  is 
not  given  (as  might  be  guessed  at  first  blush)  by  the  i-atio  of 
sample  length  to  pulse  length  but  by  tlu‘  ratio  of  sample 
length  to  the  inxersi'  of  the  fre(|uency  of  occurrence  of  the 
particular  length  of  pulse  (actually  a  small  range)  in  question. 
For  example,  in  a  2-second  oscillographic  sam|)le.  the  |)oints 
on  the  tails  of  p,  and  pi  may  represent  ns  few  as  one  or  two 
actual  occurrences.  With  this  in  mind  it  can  be  concluded 
that  the  agreement  between  values  of  y  obtained  via  7\  and 
T.  and  values  of  y  directly  measured  is  sur|)risingly  good. 

It  would  be  interesting  to  know  whether  pi  and  /l  approxi¬ 
mate  exponential  distributions  for  large  values  of  T,  and  7’j. 
Howev(>r,  the  uncertainty  of  the  points  in  just  this  range  is 
so  great  as  to  render  such  a  quantitative  question  unanswer¬ 
able.  .Some  very  indirect  evidence  via  the  power  spectrum 
of  the  .Schmitt  trigger  output  for  7  -0..50  will  be  discu.ssed 
in  a  following  s(“ction. 

Since  th(>  small  'T  and  T,  ranges  of  and  p.  are  quite  un- 
<‘ertain  (i.e.,  for  bursts  shorter  than  2  milliseconds),  some 
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qualitative  analytical  consideration  of  the  anticipated  be¬ 
havior  in  this  range  is  in  order.  'I'hese  short  segnients  arise 
whenever  the  hot-wire  passes  just  below  a  local  inaxiniuin 
(for  turbulent  fluid)  or  just  above  a  local  ininiinum  (for  po¬ 
tential  fluid)  in  r(f). 

The  variable  YU)  must  be  differentiable  (since  it  oeeui-s  in 
a  continuum);  therefore,  its  e.xtrenies  have  horizontal 
tangents.  Thus,  a  Taylor  series  e.xpansion  of  YU)  about  any 
local  e.xtreme  t  =  t„  starts  with  a  term  proportional  to  — 

The  limiting  behavior  of  pi  and  p  can  thus  be  obtained  by 
considering  a  parabola  ('=!)-  as  in  sketch  (g),  'I'he  problem 
is  then  as  follows;  Suppose  (’  has  a  Hat  probability  density 
/y.(f’);'‘  what  is  the  probability  density  p^  of  D=^^C'! 


In  general,  if  ('=('(!))  is  uni((ue, 

Pl>{l>)^PriC)'^lj^  (,S4) 

whence,  for  this  particular  problem 

p oil))  0^1)  (Hr>) 

It  follows  from  this  calculation  that  the  pnibability  (leitxity 
of  the  iuternilx  between  auccessit'e  occurrences  of  any  particular 
ralue  of  a  differentiable  random  variable  must  start  out  (a) 
from  the  oriyin  and  (b)  linearly.  Specifically,  />i(7’,)  and 
pi(  T<)  must  behave  in  this  fashion,  even  though  the  measured 
curves  do  not  all  show  this  tendency  in  the  range  covered. 

By  reas<nung  similar  to  the  above  it  is  obvio\is  that  for  a 
continuous  but  nondiffereiitiable  variable  (corresponding  to 
pointed  but  tmeusped  extremes)  the  corresponding  densit.v 
starts  out  at  a  finite  value. 

Status  of  random-variable  theory. — The  mathematical 
problem  of  relating  the  probability  density  of  the  intervals 
between  suc<‘essive  occurrences  of  any  particvilar  value  of  a 
continuous  randonj  variable  to  the  ordinarily  more  accessible 
statistical  functions  (probability  density  of  th(>  primary 
variable,  power  spectrum,  etc.)  has  apparently  not  been 
solved,  even  for  a  Gaussian  variable. 

Kice  (ref.  .‘18)  has  deduced  the  probability  of  a  zero  of  a 
Gaussian  variable  /(f)  in  an  interval  {t,-\-tz).{li  +  f2  +  dt) 
when  there  is  a  zero  at  f,.  However,  the  probab'ility  density 
of  intervals  between  successive  zeros  (or  successiv«‘  occur¬ 
rences  of  any  other  particular  value)  does  not  appear  to 

•  Tht*  vi*ry  snmil  nmp»‘  to  tn*  8tu<lie<J,  that  ju8t  thf  ininiotliati’  vioinity  of  on  oxtri'nic. 
piTmlts  uppmximotinpiiny  snmil  segment  of  n  finite  prohahlllty  density  t»y  u  eoiistont  valiK*. 


follow  easily  from  Kice’s  result.  Of  course,  in  the  |)arlicuhir 
cu.se  when  successive  intervals  are  statistically  indepenih'Ut , 
the  occurrence  numbers  have  a  Poisson  density,  and  the 
interval  lengths  have  a  simple  exponential  lunbahility 
density. 

A  more  directly  applicable  result,  apparently  due  to  Rice 
(ref.  ,‘18).  relates  the  e.\|)ected  rate  of  oe<-urren<'e  of  any 
particidur  value  of  a  Gaussian  variable  lit)  to  the  probability 
density  of  the  variable  and  the  autocorrelation  function 
behavior  in  the  vicinity  t>f  zero: 


;• 


where  ^(r)  is  the  nonnormalized  autocorrelation  function 
/(/)/(/-)- t)  and  a  prime  indicates  differentiation.  The 
proof  of  (‘((nation  (8tl)  re(iuires  also  that  /(f)  and  /'ifi  lx 
uncorr(‘lated — which  is  autiunatieally  satis(i(‘d  for  a  station¬ 
ary  variable. 

However,  it  must  l)e  empha..-ize(l  that  tlu'  pristine  simplicity 
of  this  tlu'orem  is  dependent  upon  the  restriction  to  a 
Gaussian  variable.  'I'wo  of  the  S(‘emingly  inexhaustililc 
number  of  fortuitous  properties  of  the  Gaussian  probability 
dciisity  are: 

(a)  If  a  variabh'  is  Gaussian,  so  is  its  d(‘rivative, 

(h)  If  two  Gaussian  variables  are  uneorrelated,  it  follows 
that  they  are  statistically  independent. 

Without  these  built-in  eonvenit'nees.  it  seems  likely  that 
such  a  theorem  could  he  dedtux'd  only  with  th('  general 
assumptions  that  the  variable  and  its  derivative  are  statisti¬ 
cally  ind(‘pend(‘nt. 

For  the  exiiectt'd  rate  of  zeros,  (‘((nation  (SR)  r(‘(luc(‘S  to 
(r(‘f.  :5S) 


K(luation  (S7)  has  been  us(‘d  by  Li(‘|)mann.  Laufer.  and 
Liepmann  (ref.  IIO)  to  m(‘asur(‘  the  microseal(‘  in  a  (l(‘caying 
isotropic  turbulenc(‘.  It  will  be  us(‘d  h(‘re  to  obtain  i/'"(()) 
for  the  turbidence  front  )’(f). 


Measurements  have  also  been  made  of  tht‘  av(‘rag(‘  rate  of 
occurrence  of  the  valu(‘s  of  Y{t)  eorr(‘sponding  to 
and  0.7.5  in  the  intermittent  zone  of  th(‘  rough-wall  houndary 
layer.  In  Hgure  55,  the  three  exj)(‘rim(‘ntal  ])oints  an‘ 

compared  with  (‘quatioti  (8()l.  Th(‘  ^  location  of  th(‘ 

cr 

three  (‘xp(‘rim(‘tital  points  has  heeti  chos(‘n  aecordittg  to  the 
value  of  y  of  the  short  sampl(‘s  (from  which  th(‘  .V'v  W(‘r(‘ 
meastired;  S(‘e  th(‘  preceding  table)  rather  than  th(‘  tru(‘ 
physical  locations  of  the  probe.  'rh(‘  agr(‘(‘m(‘nt  is  bett(‘r 
than  can  be  (‘xp(‘ct(‘d  with  the  uncertainty  of  the  m(‘asur(‘- 
ments  and  therefore  fortuitous.  The  number  given  for  the 
rate  of  oecurrence  of  zeros,  A’okIOS  ])er  s(‘cond,  is  int(‘r- 
polated  along  the  Gaussian  curve. 

Measur(‘m(‘nts  of  the  probability  density  of  zeros  in  the 
fluctuating  part  of  the  signal  from  a  human  voice  have  b(‘(‘n 
report(‘(l  by  Davenport  (ref.  40). 
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Fini  RK  Xi. — Frc(ju<‘ru\v  of  occ*urn*iu'c  of  z<*ro  and  two  oth<*r  particular 
valu(‘s  of  >’i(/)  ill  bouiKiary  layer  at  j— 102  inc!u*s.  Solid  curve  is 
that  of  a  strictly  (Jaussiau  variable.  .Vn= 

POWER  SPECTRUM  OF  SCHMITT  TRIGGER  OUTPUT 

As  indicated  in  figure  (5,  tlie  output  of  the  Schmitt  trigger 
is  in  principle  a  random  flat-top  signal  which  is  on  whenevi'r 
the  probe  is  in  turbulent  fluid  and  off  whenever  it  is  in  poten¬ 
tial  flow.  Obviously  the  statistical  properties  of  this  signal 
must  liave  some  relation  to  tliose  of  tlie  primary  variable 
y{t).  and  therefore  two  eonvenient  properties  have  been 
measured.  'I'lie  first  is  the  probability  density  of  pulse 
lengths,  tops  and  bottoms  separately;  these  are,  of  course, 
just  pi{Tt)  and  p-AT>)  (fig.  29).  Tlie  second  is  the  power 
spectrum  of  the  trigger  output,  measured  at  the  same  loca¬ 
tions  as  the  densities  (fig.  28). 

The  three  spectra  have  the  same  general  shape,  with  power- 
law  decrease  for  high  frequency  as  indicated  in  the  figure. 

It  might  he  e.xpeeted  that  a  relation  should  e.xist  between 
the  pulse-length  densities  of  any  flat-top  signal  and  its  power 
spectrum,  but  a  search  of  the  literature  has  uncovered  no 
such  analytical  results  e.xcept  in  special  cases,  one  of  which 
is  used  below. 

The  simplest  of  the  three  signals  is  that  corresponding  to 
7  =  0.50,  and  in  figure  28  this  power  spectrum  is  seen  to  agi*ee 
closely  with  that  for  a  “Poisson  type’’  flat-top  signal  (see, 
e.g.,’ref.38); 

where  .V/  is  the  ayerage  number  of  jumps  per  second  and  «  is 
cyclic  frequency.  For  this  application  and  7=0.50, 
the  ayerage  number  of  zeros  per  second  in  )'—  )'.  since  the 
distribution  of  zeros  cannot  be  truly  Poisson. 

The  very  good  agreement  in  figure  28  implies  only  that  in 
this  casepifTi)  and  p^iTA  could  be  e.xponential  away  from 
the  origin,  eyen  though  the  directly  measured  data  are  too 
uncertain  to  permit  any  estimates.  Howeyer,  no  assertion 
can  be  made,  since  the  —2  power  spectral  decrease  is  charac¬ 
teristic  of  most  signals  with  “discontinuitie.s.” 

AUTOCORRELATION  FUNCTION  OF  Ym 

The  approximately  Gaussian  character  of  )'  permits 
application  of  equation  (87)  relating  the  zero  occurrence  rate 
and  the  autocorrelation.  For  this  purpose  the  nonnormal- 
ized  autocorrelation  is  defined  by 

^(r)=F,(/)F,(f  +  r)  (89) 


where  }’i  =  Obviously  ^(0)  =  ct-  and.  since  .V„  and  a 

are  the  measured  <iuantities.  e()uation  (ST)  is  wiitten 

4/"  ( 0 )  =  —  iT'V'.Vi,-  ( '.)() ) 


■V(i  =  •=  zero.s  sec  (iXIa  l 

4  ["T  4  2 

For  the  rough-wall  turbulent  boundaiy  layer  at  r=-l()2 
inches.  (t  =  0.55  inch  and  .V|.=  1<)S  zeros  per  .second,  so 

(())  =  :i.4Xl(P  sq  in.  sec-  (91  i 

corr(‘sp(inding characteristic  length  mathematically  (‘ouiva- 
lent  to  the  dissipative  scale  (microscale)  in  turbulence  <’an 
he  deduced  by  the  time-space  transfoimatioii  mentiiuied 
earlier: 


r2iK0)T^  x2f,. 


For  this  particular  case. 

X,=I.9iii.  (9:i) 

which  is  a  bit  smaller  than  /i  and  I,  in  the  preceding  table 
for  7=0.50. 

For  low  turbulence  levels,  one  might  expect  the  (|uantily 

p  X)-  to  be  of  the  order  of  the  I.agrangian  spatial  microscale 

X,  =  X,c'  (ref.  18),  which  is  roughly  eijunl  to  tin-  Euleiian 
microscale  X  over  a  wide  range  of  /u  in  isotropic  turbuleiici' 

(ref.  18).  In  this  case,  Xr^  =  0.09  inch.  This  is  the  sanu* 

order  as  X  in  the  neighboring  turbulence.  Since  A\  for  this 
turbulence  is  roughly  70,  which  (in  isotropic  turbulence) 
gives  X, «l.5X,  the  conclusion  here  is  that 


pX,.  =  r'X,  (94) 

or.  since  (  the  Lagrangian  time  mocroseale  of  the 

neighboring  turbulence  is  given  roughly  by 


Equation  (90)  gives  only  the  vertex  curvature  of  the  auto¬ 
correlation  function.  Because  of  the  Gaussian  character  of 
y(t),  it  is  possible  to  estimate  the  entire  ^(t)  from  the  spec¬ 
trum  of  the  trigger  output.  It  has  been  shown  by  North 
(see  ref.  41)  that  the  autocorrelation  function  of  a  strongly 
clipped  Gaussian  variable  is  simply  related  to  the  autocor¬ 
relation  function  of  the  variable  itself  ; 


L^(0)J 


A  strongly  clipped  variable  is  just  a  flat-top  signal  which 
changes  sign  whenever  the  primary  variable  passes  through 
zero—  which  exactly  describes  the  relation  between  the  trigger 
output  and  the  primary  variable  )'(/)• 
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Since,  as  sliown  by  Wiener  (ref.  42),  the  atilncorrelation 
function  of  a  stationary  random  variable  is  just  the  Fourier 
cosine  transform  of  its  power  spectrum  (and  vice  versa). 

Fc(n)  cos2ritTihi  (97) 

Ff  («)=4j^  (r)  cos  2)r«  t(It 

the  autocorrelation  of  the  trigger  output  is  computed  from 
the  measured  power  spectrum.  'Plie  good  agreement  of 
FcOO  with  the  form  in  equation  (88)  permits  using  a  simple 
exponential  for  (ref.  :t8) : 


'Pc(t) 


198) 


Then,  equation  (94)  gives  the  autocorrelation  funclii'ii  .. 
the  turbulence  front  location; 


't'(r) 

m 


1 99) 


which  is  plotted  in  figure  84.  The  vertex  osculating  parabola 
corresponding  to  ^''(0)  as  given  by  equation  (87)  and  the 
directly  measured  zero  occurrence  rate  are  drawn  in  for  com¬ 
parison.  The  former  parabola  should  give  the  origin  be¬ 
havior  of  <{/{r)  more  accurately  than  equation  (99). 


Fkicre  84. — .Autocorrelation  function  of  turhuleucc  front  location 
a'^  a  function  of  time  in  Itoundarv  layer  at  x  =  102  inches. 


As  shoidd  be  expected,  the  calculation  of  ^"(0)  for  equa¬ 
tion  (99)  gives 


lA"(0) 

^(0) 


=  -7rd/- 


(100) 


identical  with  equation  (87),  if  AZ-^A',,. 

In  fact,  it  found  experimentally  that  M=^2Xn  for  this  in¬ 
vestigation.  This  is  not  surprising  since  the  differentiability 
of  I'i(<),  whose  zeros  give  the  square-wave  jtimps,  leads  to 
a  considerable  deficit  of  short  pulses  as  compared  with  a 
truly  Poisson  square  wave  (see  the  section  “Experimental 
results”  under  “Probability  Density  of  Pulse  Lengths”). 

Of  course,  the  power  spectrum  of  I'l  (f)  could  be  calculated 
by  taking  the  Fourier  cosine  transform  of  ^(t)  but  the  data 


are  sufficiently  inaccurate  that  further  maniimlutiou  scarcely 
seems  worth  while. 

Other  characteristic  lengths  of  tlic  wrinkled  turbulence 
front  can  be  estimated  from  tlie  integral  of  ^(t).  mathemati¬ 
cally  analogous  to  the  integral  scale  of  turbulence,  but  these 
may  be  less  pertinent  than,  for  example,  I,  and  the  aveiag(“ 
pulse  lengths: 


which  turns  out  to  be  tlie  same  order  as  li  and  L. 
Alternatively, 

both  values  being  for  the  rough-wall  boundary  layer  at 
j’=  102  inches. 


CONCLUDING  DISCUSSION 

P'roin  the  atialytical  and  experimental  results  reported 
here  on  the  problem  of  the  relatively  sliai'i)  iustantanecuis 
front  separating  turbulent  fitiid  from  notiturbulent  fluid  (as 
at  a  free-stream  boundary),  the  following  new  conclusions 
are  drawn: 

1.  The  nonturbulent  region  is  a  field  of  irrotational  lluc- 
t  nations. 

2.  The  front  separating  turbulent  from  potential  flow  is 
actually  a  very  thin  fluid  layer  in  which  viscous  forces  are  of 
primary  importance.  The  role  of  this  ‘'lamitinr  superlayi'r”  is 
the  propagation  of  vorticity  (both  mean  fluctuating)  into 
the  potential  field.  It  is  maintaitied  thiti  by  propagation 
relative  to  the  fluid  and  by  the  random  stretching  of  vortex 
lines  in  its  local  vorticity  gradient. 

d.  The  common  occurrence  of  contiguous  rotational  and 
irrotational  velocity  fluctuation  fields  underscores  the  useful¬ 
ness  of  confining  the  word  "tui-btiletit”  to  random  rotational 
fields  only. 

4.  'Pbe  rate  of  increase  of  wrinkle  amplitude  of  the  turbu¬ 
lence  front  can  be  roughly  predicted  in  terms  of  a  Lagrangian 
diffusion  analysis,  using  the  statistical  properties  of  the 
turbulence  in  the  fully  turbulent  zone.  The  actual  estimate 
is  given  by  equation  (34). 

5.  By  dimensional  reasoning  and,  independently,  through 
a  model  of  the  laminar  superlayer,  the  thickness  of  the  super¬ 
layer  can  be  estimated.  The  simplest  approximation  is 
equation  (.51),  giving  a  thickness  of  the  same  order  as  the 
Kolmogoroff  (minimum)  turbulence  length. 

6.  The  propagation  velocity  V'*  of  the  turbulence  front  is 
taken  by  dimensional  reasoning  to  be  proportional  to  a ‘'s^- 
This  is  roughly  verified  by  experiment, 

7.  The  downstream  rate  of  growth  of  the  turbulence  frotit, 
as  measured  by  standard  deviation  o-(r)  and  tratisversal 
position  y{x),  is  fotind  to  be  proportional  to  the  shear-zone 
thicktiess,  within  the  experimental  precision,  for  plane  wake, 
rovind  jet,  and  rough-wall  boundary  layer.  This  is  shown 
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iiulepeiuli'iitly  by  direct  experiment  and  by  application  of 
the  results  outlined  in  the  previous  paragraphs. 

8.  The  probability  density  of  the  turbulence  front  location 
at  any  fixed  do\vnstream  station  is  Gaussian  within  the 
precision  of  the  measurements  everywhere  except  at  the  tails. 
This  is  found  experimentally  for  all  three  types  of  turbulent 
shear  flow  studied. 

9.  The  probability  density  of  the  pulse  lengths  in  the 
intermittent  signal  deviates  strongly  from  the  simple  expo¬ 
nential  type,  presumably  because  }'(t)  is  differentiable. 

10.  'riie  autocorrelation  function  of  l*i(t)  for  the  boundary 
layer  is  found  V'ery  indirectly  from  cxperinumt  to  be  as 
shown  in  figure  04. 

It  seems  likely  that  the  presence  of  the  turbulence  front 
with  its  attendant  detailed  statistical  properties  will  have 
to  be  included  in  basic  research  oti  turbulent  shear  flows 
with  free-stream  boutidaries.  It  is  not  quite  so  clear  that 
it  must  be  explicitly  included  in  semiempirical  engineering 
estimates  concerned  only  with  overall  transfer;  so  far  no 
case  has  been  encouittered  in  which  the  front  grows  at  a 
rate  distinctly  differetit  from  the  gross  shear-layer  growth. 

It  appears  that  at  present  this  new  physical  picture 
ititroduces  at  least  as  many  new  questiotis  as  it  gives  expla¬ 
nations  of  older  observations.  Insofar  as  it  is  concerned 
with  a  boundary  condition,  it  tells  nothitig  about  transport 
phetiomena  within  a  turbulent  region.  Yet,  since  the 
writikle  amplitude  o-(x)  and  tratisversal  travel  I'U)  of  the 
tttrbuletice  front  appear  to  be  govertied  by  (or  related  to) 
properties  of  the  contiguous  turbulence,  any  gross  assump¬ 
tion  oti  these  variables  implies  consequent  relations  among 
the  turhulettoe  properties. 

It  should  especially  be  pointed  out  that  the  present 
investigation  does  tiot  appear  to  shed  atiy  light  on  the 


characteristic  difference  between  transport  rates  of  vi'cior 
(momentum)  and  scalar  (heat,  mass)  properties,  in  fact, 
since  it  is  concluded  that  no  mean  momentum  can  be  trans¬ 
ported  beyond  the  turbulence  front  it  appears  that  (for 
laminar  Praitdtl  and  Schmidt  numbers  not  viuy  much  smaller 
than  unity)  the  front  should  apply  c()uully  well  to  heat  oi- 
chemical  composition.  Oscillographic  observations  mot 
metitioned  in  the  body  of  the  report)  iti  a  hot  jet  show  a 
temperature  fluctuation  intcrmittency,  i)rcsuniublv  coinci¬ 
dent  with  the  vorticity  intcrmittency.  If  this  itifcrcncc  is 
true,  then  the  vector  versus  scalar  transport  rate  (lilfcn'iicc 
will  have  to  be  explained  in  terms  of  properties  of  the  en¬ 
tirely  turbulent  region. 

Interesting  speculations  in  thi.-^  direction  have  been  niad« 
by  Townsend  (ref.  10),  who  suggests  that  moment  uni  is 
largely  transported  by  rclativ(*ly  high  wave  number  fluctua¬ 
tions  while  h(‘at  is  transported  by  both  low  and  high  wave 
number  fluctuations,  that  is,  by  jet  convection  and  li\ 
gradient  diffusion,  resiiectively.  However,  there  arc  two 
dubious  minor  postulates  in  his  analysis  (mentioned  here 
in  the  section  “Inference  of  Turbulence  Propcrtii's  From 
Intermittent  .Signaf  and  at  the  end  of  the  section  “Laminar 
Superlayer’’)  and  also  he  has  not  clarified  the  prineipal 
assumption  vis-a-vis  the  known  fact  that  the  shear  correla¬ 
tion  nr  appears  to  get  ever  increasing  contributions  toward 
the  low  wave  numbers  (ref.  4:1).  Finally,  his  inference  that 
the  lateral  jets  (bulges)  convert  little  longitudinal  momentum 
appears  to  be  in  contradiction  to  the  fact  that  the  inter- 
mittetit  velocity  signal  shows  an  appreciably  lowi'r  mean 
in  the  turbuletit  segments  that  in  the  iiotetitial  ones,  as 
seen  in  figures  9  and  1.'). 

'I'hk  Joh.ns  Hopkins  U.nivkhsitv. 

Balti.moi{K,  Md.,  January  20. 


APPENDK 

GROWTH  OF  ROUGH-WALL  BOUNDARY  LAYER 


Altliougli  tlie  growth  of  turbulent  boundary  layers  with 
zero  static-pressure  gradient  is  better  approximated  by  a 
logarithmic  function  (ref.  11),  the  exploratory  purposes  of 
this  investigation  are  satisfied  by  the  simpler  and  less 
accurate  power-law  treatment. 

d'he  momentum  integral  relation  for  turbulent  boundary 
layer  with  zero  static-pressure  gradient  can  be  written 
approximately  as  (ref.  11) 

f-p.  (.O) 

'I'lie  following  rough  assumptions  are  made; 

(a)  .Simple  geometrical  similarity  in  mean  velocity  profiles: 


(b)  “Fullv  rough"  wall  conditions: 


'riterefore, 


ToOCp[(  (A)]' 


where  h  is  effective  rougliness  height, 

(c)  Power-law  velocity  profile; 


From  assumptions  (a)  and  (c) 


whence  the  second  assumption  gives 

r-  ./A'V'" 


.Since  BccS,  substitution  of  equation  (All)  into  e<iuation  (Al) 
gives 

.la 

'r  (A4) 

<u 

for  A=Constant.  'I'lierefore, 


B  oc  (/— /<,)•''" + ‘  (A5) 

Equation  (A5),  a  simple  power  law,  permits  approximation 
to  the  a*-tual  boundary -layer  growth  with  accura<'y  adequate 
for  Vhe  present  investigation. 

In  fact,  since  both  tn  and  the  exponent  in  equation  (A3) 
have  been  measured  independently,  there  is  opportunity  for 


an  experimental  check  on  the  accuracy  of  the  pri'seut  crude 
approach:  Mean  velocity  profiles  (fig.  Ill  give  /a  =  1  li.,'). 
Therefore,  the  analysis  predicts 

whereas  measurements  of  boundary-layer  growth  (fig.  12 1 
give 

— r,,)"  ' 

It  shoidd  be  pointed  out  that  boundary  layers  in  gcncial 
cannot  have  simple  geometrical  similarity  because  their 
characteristic  Reynolds  numbers  increase  with  x. 

This  particular  “rough-wair'  boundary  layer  is  fully  rough 
all  the  way  downstream  (from  j=(l  to  j‘=l()2.  I'Ji  v  falls 
from  200  to  14.t),  if  the  peak-to-i)eak  height  of  the  eorniga- 
tion  is  interpreted  as  li. 
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